Gauss’s method for solving 22> — Dy? = N.

Suppose o> — Dy?> = N, where N # 0 and D > 0 and
not a perfect square. Also assume ged(ar,y) = 1. Let
ad — By =1. Then if P = a3 — D~d, we have

(a) o = —Py((mod|NY),
(b) P2 — D = N(8> — D&?).

In particular, P = D (mod |N|).
Proof.

N(3* - D&*) = (o — Dy*)(5* — Do)

(o + \ﬁv)(a — VD)8 + VD5) (8 — VD)
= (a+VDy)(B — VD) — VDv) (B + VD5
= (aB8 — D6 — VD(as — 7)) x

(B — Dv6 + VD(ad — (7))

(af — D6 — f)(ozﬁ D6 + \/7)

(8 — Dv6)* = D
— P?—D.

Then the unimodular transtformation

r = aX +[Y (1)
y = v X +0Y

converts 2 — Dy? to NX? + 2PXY + LZGD)YQ.
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There is a procedure for testing if two binary quadratic

forms of the same discriminant D are equivalent. So for
solubility of 22 — Dy* = N with ged(x,y) = 1, one has

to test all P in the range 0 < P < |N|/2.
Conversely if P? = D (mod |N|) and 2* — Dy? can be

converted to NX? + PXY + WT_D)Y2 using a transfor-
mation such as (1), where ad — B = 1, then

(a) a®* — Dy* = N,
(b) P=aB — D@6,
(¢) a = —Py((mod |N|).



