
Gauss’s method for solving x2 −Dy2 = N .

Suppose α2 −Dγ2 = N , where N 6= 0 and D > 0 and

not a perfect square. Also assume gcd(α, γ) = 1. Let

αδ − βγ = 1. Then if P = αβ −Dγδ, we have

(a) α ≡ −Pγ( (mod |N |),

(b) P 2 −D = N(β2 −Dδ2).

In particular, P 2 ≡ D (mod |N |).
Proof.

N(β2 −Dδ2) = (α2 −Dγ2)(β2 −Dδ2)

= (α +
√
Dγ)(α−

√
Dγ)(β +

√
Dδ)(β −

√
Dδ)

= (α +
√
Dγ)(β −

√
Dδ)(α−

√
Dγ)(β +

√
Dδ)

= (αβ −Dγδ −
√
D(αδ − βγ))×

(αβ −Dγδ +
√
D(αδ − βγ))

= (αβ −Dγδ −
√
D)(αβ −Dγδ +

√
D)

= (αβ −Dγδ)2 −D
= P 2 −D.

Then the unimodular transformation

x = αX + βY (1)

y = γX + δY

converts x2 −Dy2 to NX2 + 2PXY + (P 2−D)
N Y 2.
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There is a procedure for testing if two binary quadratic

forms of the same discriminant D are equivalent. So for

solubility of x2 −Dy2 = N with gcd(x, y) = 1, one has

to test all P in the range 0 ≤ P ≤ |N |/2.

Conversely if P 2 ≡ D (mod |N |) and x2−Dy2 can be

converted to NX2 +PXY + (P 2−D)
N Y 2 using a transfor-

mation such as (1), where αδ − βγ = 1, then

(a) α2 −Dγ2 = N ,

(b) P = αβ −Dβδ,

(c) α ≡ −Pγ( (mod |N |).
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