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Abstract. The divisibility property gcd(Q0, Bn)|Qn+1 of the continued fraction of (P0+
√
D)/Q0

is proved. This implies that the main algorithm presented in a recent paper of K.R. Matthews on
the diophantine equation x2 −Dy2 = N finds only primitive solutions.
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1. Introduction

In the introduction to a paper of W. Patz [5], O. Perron showed how to construct
integer solutions of the equation x2 − Dy2 = N , where D > 1 is not a perfect
square. Let Q0 = |N | and P0 be a solution of the congruence P 2

0 ≡ D (modQ0).
If ωn = (Pn +

√
D)/Qn is the n–th complete quotient of the simple continued

fraction for ω = (P0 +
√
D)/Q0 and An/Bn is the n–th convergent to ω, then

Gn = Q0An − P0Bn and (see [3, pages 246–248])

G2
n −DB2

n = (−1)n+1Q0Qn+1. (1)

Hence if Qn+1 = (−1)n+1N/|N |, it follows that equation (1) gives a solution
(x, y) = (Gn, Bn) of x2 −Dy2 = N . As a consequence of this note, such a solution
must satisfy gcd (x, y) = 1.

As gcd (An, Bn) = 1, we have gcd (Gn, Bn) = gcd (Q0, Bn) and hence the impli-
cation

Qn+1 = ±1⇒ gcd(Gn, Bn) = 1

will follow from the following result:

Theorem 1 gcd (Q0, Bn) divides Qn+1.

Remark 1. In recent papers by K.R. Matthews [1] and R.A. Mollin [4], it is
shown that each integer solution of x2 − Dy2 = N with gcd(x, y) = 1, will arise
from some P0 in the above manner.
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Remark 2. The theorem similarly shows that the solutions produced in the paper
by K.R. Matthews [2] for the equation ax2 +bxy+cy2 = N , where D = b2−4ac > 1
is not a perfect square and gcd(a, b, c) = 1 = gcd(a,N), also satisfy gcd(x, y) = 1.

2. Standard continued fraction properties

We remind the reader of some properties of An, Bn, Pn and Qn.
First, an = bωnc denotes the n–th partial quotient to ω (see [6, Chapter 12.4]).

A−1 = 1, A0 = a0, B−1 = 0, B0 = 1, B1 = a1,

while for n ≥ 1:

(i) An = anAn−1 +An−2,
(ii) Bn = anBn−1 +Bn−2,
(iii) Pn = an−1Qn−1 − Pn−1,
(iv) Qn = (D − P 2

n)/Qn−1.

3. A lemma

Definition 1. We define a sequence R0, R1, . . . by R0 = 0, R1 = 1 and for i ≥ 2,

Ri = aiRi−1 +Ri−2.

In particular, R2 = a2.

Lemma 1 For i ≥ 0 we have

Bi+1Ri −BiRi+1 = (−1)i+1. (2)

Proof: (By induction on i ≥ 0.) Equation (2) holds when i = 0, as

B1R0 −B0R1 = a1 × 0− 1× 1 = −1.

Now assume (2) holds. Then substituting for Bi and Ri gives

Bi+1(Ri+2 − ai+2Ri+1)− (Bi+2 − ai+2Bi+1)Ri+1 = (−1)i+1

Bi+1Ri+2 −Bi+2Ri+1 = (−1)i+1

Bi+2Ri+1 −Bi+1Ri+2 = (−1)i+2,

as required.
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4. Recurrence congruences

Our Theorem is a consequence of the following congruences:

Lemma 2 Modulo Q0, the following identities hold for N ≥ 1:

(a) PN = (−1)NBN−1BN−2Q1 + (−1)N+1(2BSNRTN + 1)P1

(b) QN = (−1)N+1B2
N−1Q1 + (−1)N2BN−1RN−1P1,

where SN = 2bN−1
2 c+ (−1)N and TN = 2bN−1

2 c.

Proof: (By induction on N .)
When N = 1 and 2, equation (a) becomes an equality, as does (b) when N = 1

(recall B−1 = 0, B0 = 1 and B1 = a1). When N = 2, (b) reduces to

Q2 = −B2
1Q1 + 2B1R1P1 = −a2

1Q1 + 2a1P1.

However

Q2 =
D − P 2

2

Q1
=

D − (a1Q1 − P1)2

Q1

=
D − P 2

1

Q1
− a2

1Q1 + 2a1P1

= Q0 − a2
1Q1 + 2a1P1,

as required.
Now let N ≥ 2 and assume equations (a) and (b) hold for N and N − 1.
The following values of SN , TN , SN+1 and TN+1 are needed:

N SN TN SN+1 TN+1

2n− 1 N − 2 N − 1 N N − 1
2n N − 1 N − 2 N − 1 N

Case (a):

PN+1 = aNQN − PN
= aN ((−1)N+1B2

N−1Q1 + (−1)N2BN−1RN−1P1)

−((−1)NBN−1BN−2Q1 + (−1)N+1(2BSNRTN + 1)P1)
= (−1)N+1(aNB2

N−1 +BN−1BN−2)Q1

+ (−1)N (2aNBN−1RN−1 + 2BSNRTN + 1)P1

= (−1)N+1αNQ1 + (−1)NβNP1, say. (3)

Then

αN = (aNBN−1 +BN−2)BN−1

= BNBN−1. (4)
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Case (i): N = 2n− 1. Then

βN = 2aNBN−1RN−1 + 2BN−2RN−1 + 1
= 2(aNBN−1 +BN−2)RN−1 + 1
= 2BNRN−1 + 1. (5)

Case (ii): N = 2n. Then

βN = 2aNBN−1RN−1 + 2BN−1RN−2 + 1
= 2BN−1(aNRN−1 +RN−2) + 1
= 2BN−1RN + 1. (6)

Equations (3), (4), (5), (6) and the table entries for SN+1 and TN+1 then give

PN+1 = (−1)N+1BNBN−1Q1 + (−1)N+2(2BSN+1RTN+1 + 1)P1,

completing part (a) of the induction.
Case (b):

QN+1 =
D − P 2

N+1

QN
=
D − (aNQN − PN )2

QN

=
D − P 2

N

QN
− a2

NQN + 2aNPN

= QN−1 − a2
NQN + 2aNPN

= (−1)NB2
N−2Q1 + (−1)N−12BN−2RN−2P1

− a2
N ((−1)N+1B2

N−1Q1 + (−1)N2BN−1RN−1P1)

+ 2aN ((−1)NBN−1BN−2Q1 + (−1)N+1(2BSNRTN + 1)P1)
= (−1)N (B2

N−2 + a2
NB

2
N−1 + 2aNBN−1BN−2)Q1

+ (−1)N+12(BN−2RN−2 + a2
NBN−1RN−1 + aN (2BSNRTN + 1))P1

= (−1)NγNQ1 + (−1)N+12δNP1, say. (7)

Now

γN = (BN−2 + aNBN−1)2 = B2
N . (8)

Case (i): N = 2n− 1. Then

δN = BN−2RN−2 + a2
NBN−1RN−1 + aN (2BN−2RN−1 + 1)

= BN−2(RN−2 + aNRN−1) + a2
NBN−1RN−1 + aNBN−2RN−1 + aN

= BN−2RN + aNRN−1(aNBN−1 +BN−2) + aN

= BN−2RN + aNRN−1BN + aN

= BN−2RN + aN (RN−1BN + 1)
= BN−2RN + aNBN−1RN (by Lemma 1 with i = N − 1)
= (BN−2 + aNBN−1)RN
= BNRN . (9)
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Case (ii): N = 2n. Then

δN = BN−2RN−2 + a2
NBN−1RN−1 + aN (2BN−1RN−2 + 1)

= (BN−2 + aNBN−1)RN−2 + a2
NBN−1RN−1 + aNBN−1RN−2 + aN

= BNRN−2 + aNBN−1(aNRN−1 +RN−2) + aN

= BNRN−2 + aNBN−1RN + aN

= BNRN−2 + aN (BN−1RN + 1)
= BNRN−2 + aNBNRN−1 (by Lemma 1 with i = N − 1)
= BN (RN−2 + aNRN−1)
= BNRN . (10)

Equations (7), (8), (9) and (10) then give

QN+1 = (−1)N+2B2
NQ1 + (−1)N+12BNRNP1,

completing part (b) of the induction.
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