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A divisibility property of the continued fraction of
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Abstract. The divisibility property gcd(Qo, Bn)|@n+1 of the continued fraction of (Po++v' D)/Qo
is proved. This implies that the main algorithm presented in a recent paper of K.R. Matthews on
the diophantine equation 22 — Dy? = N finds only primitive solutions.
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1. Introduction

In the introduction to a paper of W. Patz [5], O. Perron showed how to construct
integer solutions of the equation z? — Dy? = N, where D > 1 is not a perfect
square. Let Qo = |N| and Py be a solution of the congruence P? = D (mod Q).
If w, = (P, + \/5) /@ is the n—th complete quotient of the simple continued
fraction for w = (Py + v/D)/Qo and A, /B, is the n-th convergent to w, then
G, = QoA, — PyB,, and (see [3, pages 246-248])

G? — DB} = (-1)""'QoQn+1. (1)

Hence if Q.11 = (=1)""1N/|N]|, it follows that equation (1) gives a solution
(z,y) = (Gy, By) of 22 — Dy? = N. As a consequence of this note, such a solution
must satisfy ged (z,y) = 1.

As ged (An, By,) = 1, we have ged (G, By,) = ged (Qo, By,) and hence the impli-
cation

Qni1 = 1 = ged(Gy,, Bp) =1
will follow from the following result:
THEOREM 1 ged (Qo, By) divides Qp1-
Remark 1. In recent papers by K.R. Matthews [1] and R.A. Mollin [4], it is

shown that each integer solution of 22 — Dy? = N with ged(x,y) = 1, will arise
from some Py in the above manner.



Remark 2. The theorem similarly shows that the solutions produced in the paper
by K.R. Matthews [2] for the equation ax?+bxy+cy? = N, where D = b?> —4ac > 1
is not a perfect square and ged(a, b, c) = 1 = ged(a, N), also satisfy ged(z,y) = 1.

2. Standard continued fraction properties

We remind the reader of some properties of A, B, P, and Q,,.
First, a,, = |wy, | denotes the n—th partial quotient to w (see [6, Chapter 12.4]).

A—1:17 AO:CLO7 B—l :03 30:17 Bl = a1,

while for n > 1:

(1) An = apAn_1+ An—27
(11) B, = ayBn1+ Bn 2,
(111) Pn = an—lQn—l - Pn—la
(iv) Qu = (D—P})/Qn-1.

3. A lemma
Definition 1. We define a sequence Ry, Ry,... by Rg =0, Ry =1 and for ¢ > 2,
Ri=a;Ri—1+ Ri_o.
In particular, Ry = as.
LEMMA 1 Fori > 0 we have

Bi1R; — BiR;q = (—1)". 2)

Proof: (By induction on i > 0.) Equation (2) holds when i = 0, as
BlRo—BoRl = Qi x0—1x1=-1.

Now assume (2) holds. Then substituting for B; and R; gives
Biy1(Rit2 — aiy2Riy1) — (Biyo — @isoBis1)Ripn = (=1)"!
Bit1Rito — BipoRipq1 = (—1)"!
BitaRit1 — BiiRiys = (—1)72,

as required. [ |



4. Recurrence congruences

Our Theorem is a consequence of the following congruences:

LEMMA 2 Modulo Qq, the following identities hold for N > 1:
(a) Pn
(b) @~
where Sy = 2|22 + (=1)N and Ty = 2| &7 ).

Proof: (By induction on N.)
When N =1 and 2, equation (a) becomes an equality, as does (b) when N =1
(recall By =0,Byp =1 and By = a1). When N = 2, (b) reduces to

(~DNBn_1Bn—2Q1 + (=1)N*(2Bsy Ry + 1) Py
(=DNTBY Q1 + (=1)N2BNn 1 Ry-1 Py,

Qo = —BiQ1 + 2B R1 P, = —aiQ + 2a, .

However
_D-Pf D — (a1Q1 — P1)?

Q1 Q1

D — pP?
= L a%Ql —+ 2a1P1
Q1

Qo — aiQ1 + 2a1 Py,

Q@2

as required.
Now let N > 2 and assume equations (a) and (b) hold for N and N — 1.
The following values of Sy, Ty, Sny+1 and Ty are needed:

N SN TN Snv+1 Ty

2n—1 N-2 N-1 N N -1
2n N—-1 N-2 N-1 N

Case (a):
Pny1 = anQn — Py
= an((-D"'BX Q1+ (-1)V2By_1Ry_1P1)
—((-1)¥Bn-1Bn-2Q1 + (-1)N*'(2Bsy Rry + 1) P1)
= (1) (anBi_1 + Bn-1Bn_2)Q1
+ (—1)N(2aNBN,1RN,1 =+ QBSNRTN =+ 1)P1
= (—1)N+1OzNQ1 + (—l)NﬁNpl, say. (3)
Then

any = (anBy-1+ Bn-2)Bn-1
= ByBy_1. (4)



Case (i): N =2n — 1. Then

By = 2anByn_1Ry_1+2By_2Ry_1+1
2(anBn-1+ By_2)Rn_1+1
= 2BNRyn_1 + 1. (5)

Case (ii): N = 2n. Then

Oy = 2anyBy_1Rn-1+2BNy_1Ry_2+1
= 2By_1(anRn-1+ Ry—2)+1
— 9By_1Rw + 1. (6)

Equations (3), (4), (5), (6) and the table entries for Sy4+1 and Tv41 then give
Py = (_1)N+1BNBN—1Q1 =+ (_1)N+2(2BSN+1RTN+1 + 1)P1v

completing part (a) of the induction.

Case (b):
Ony1 = D~ Py _D- (anQn — Py)?
QN Qn
D — P2
= QNN —a?vQN+2aNPN
= Qn_1 — axQn + 2anPy
= (-1D)VB%_,Q1 4+ (-1)V"12By_ Ry o P
—aX ()N BY Q1 + (-1)¥2By_1Ry_1 Py)
+2an((=1)NBy_1Bn_2Q1 + (=1)VTY(2Bg, Ry, + 1)Py)
= (-1)N(BX_y +aX¥Bi_1 +2anBn_1Bn_2)Q1
+ (—1)N+12(BN,2RN72 + a?VBNflRN71 + aN(2BSNRTN + 1))P1
= (—D)NynQ1 + (—1)N 1255 P, say. (7)
Now
YN = (Bn_2 +anBn_1)* = By. (8)

Case (i): N =2n —1. Then

Sy = By_oRn_2+ayByn_1Ry_1 +an(2By_a2Rn_1+1)
= By_2(Ry—2+anBRy_1)+ayBn_1Ry-1+anBy_oRN_1+ay
= By_2Rny +anRny-i(anBn-1+ Bn_2) +an
= Bny_oRy +anBRy_1Bny +apn
By_2Rn +an(Ry_1Bn + 1)
By—2Ry +anBy-1Ryn (by Lemma 1 with i = N — 1)
(By—2 +anBn-1)Rn
— ByRux. )



Case (ii): N = 2n. Then

6y = By_o2Rn_2+aikByx_1Ry_1+an(2By_1Ry_o+1)
(Bn—2+anBn_1)Rn—2+ ayBy_1Ry_1 +anBy_1Ry_2 +an
BNRy_2+anBy_i1(anRn_1+ Rn_2) +an
ByRNn_2+anBy_1Rn +an

= ByRn_2+an(Bny-1Rn +1)

BNyRy-2+anByRy—1 (by Lemma 1 with i = N — 1)

Bn(Ry-2+ anvRn-1)

— ByRu. (10)

Equations (7), (8), (9) and (10) then give
Q1= (=DV*2BYQ1 + (-1 2By Ry P,

completing part (b) of the induction. ]
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