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1. INTRODUCTION

In an email to the author dated July 25, 2011, Benoit Cloitre described a mapping
F,, : Z — 7Z which is similar to the well-known 3x 4+ 1 mapping, where m > 2 is an
integer. First f,,(x) is defined by

M) fuli) = | (")

Jm (x) if f,(x) is even
2 Fn(x) = ¢ ’
(2) (z) {3fm(296)+1 if f,(x) is odd.

If m = 3,5 or m > 7, all trajectories z, Fy,, (), F® () = Fp(Fra(x)), . .., appear to
eventually enter one of finitely many cycles; whereas if m = 2,4 or 6, there appear
to be divergent trajectories (i.e., with |F,51n) (z)| — o0), but again only finitely many
cycles.

F,, can be regarded as a 2m-branched generalized 3z + 1 mapping ([1, p. 80])
for even m and an m-branched mapping for odd m. In both cases, we can use
the Markov chain heuristics of [3] to predict everywhere cycling or the existence of
divergent trajectories.

We remark that 0,0 and —1, —1 are always cycles, while 1,21 is a cycleif m > 3
and —4,—7,—4 is a cycle if m > 7.

2. F,, AS A d-BRANCHED MAPPING

If x =mK 41,0 <i<m, then (1) gives

) =| (P2 s+

=(m+1)K+i+ KT) zJ
(3) =(m+1)K +i.
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If m is odd, then (3) gives f,(z) =¢ (mod 2) and (2) implies

Fle) % if0<i<m,ieven
W if 0 <i<m,iodd
(4) [ e = g)/m i0<i<m,ieven
= (3(m2+1) 312m>/m if 0 <i<m,iodd.

Hence F}, is a d-branched mapping of the form
(5) Fp(z) = (miz—r;)/difx =i (mod d),0 <i<d,
where d = m and

(©) (m+1)/2 if0<i<m,ieven
m; =
3(

m+1)/2 it 0<i<m,iodd

If m is even, we write z = 2mK +4,0 < i < 2m and (1) gives

) fonlz) = 2(m+ 1)K +1 if0<i<m
T 2(m A DK 441 ifm << 2m.
Hence
(@) 1 (mod 2) ifo<i<m
m(z) =
i+1 (mod?2) ifm<i<2m
and (2) implies
((m—|—1)x—z)/2m if 0 <i<m,ieven
() P () = B(m+Dz+m—3i)/2m  if0<i<m,iodd
Y B(mA4 D +4m — 30)/2m if m < < 2m,i even
((m+1Dz+m—1i)/2m if m <i<2m,iodd

and F,, is a d-branched mapping of the form (5), where d = 2m and

m+1 if0<i<m,1even
3(m+1) if0<i<m,iodd
3(m+1) if m<i<2m,1ieven

m+1 if m <i<2m, iodd.

9) m; =

3. THE CASE OF m NOT DIVISIBLE BY 3
If 3 does not divide m, we see from (6) and (9) that ged(m;,d) =1for 0 <i<d
and F,, is of relatively prime type ([1, p. 82]). Consequently we expect

(i) all trajectories will eventually enter a cycle if mg - --mg_1 < d%;
(ii) almost all trajectories will be divergent if mq - --mg_1 > d%;
(iii) the number of cycles will be finite.
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Then if m is even, with d = 2m,
mo---mg_1 <d® <= (m+1)"3(m+1))™ < (2m)*™
= 3" (m+1)* < (2m)?™
— 3(m+1)? < (2m)?

~— 0<m?—6m-—3
<— 8 <m,

while if m is odd, with d = m,

]. ]_ m—
L; ) (73(7"; ))Tl <m™m

e (1+1/m)m3"7 < 2m.

m+1
m0-~~md,1<dd(:>( 2

Now (1+1/m)™ < 3 so

m—1 m+1

(1+1/m)™3"7 < 3™
< 2™ if m > 5.

Hence if m is not divisible by 3, we expect

(i) every trajectory will eventually enter one of finitely many cycles if m > 8
is even or m > 5 is odd;
(ii) almost all trajectories will be divergent if m = 2 or 4.

Example 1. m = 2. We find experimentally, using the author’s CALC program

[2], only the cycles 0,0 and —1,—1. Also the trajectories starting with 1 and —7
appear to be divergent.

Example 2. m = 8. We find experimentally the following eight cycles :
(i) 0,0
) —1,—-1
) 1,2,1
) 215,362,...,383,215 (length 168)
v) 680,1148,...,1209,680 (length 21)
) 595,1004,...,1058,595 (length 21)
) 663,1118,...,1179,663 (length 21)
) 49868,84152, . ..,88655,49868 (length 21)

4. THE CASE OF m DIVISIBLE BY 3

Formulae (6) and (9) reveal that

1 ifmisodd and m; = (m+1)/2,
ormiseven and m; =m+1
3 if misodd and m; =3(m+1)/2,

or m is even and m; = 3(m + 1).

ged(my, d) = ged(my, d*) =

Hence we are not dealing with a relatively prime mapping, but instead, one dis-
cussed in [3], where the behaviour of trajectories is determined by a Markov matrix
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Q(d) = [gi;]. We use a formula for g;; which was only implicitly defined in Lemma
2.4 of [3, p. 32|, namely

ged(my,d)/d  if F(i) =7 (mod ged(my,d))
(10) Qij = :
0 otherwise.

Now if m is odd,

(11) Fo(i) = { i/2 if0<i<m,ieven

(3i+1)/2 if0<i<m,iodd,
while if m is even,

/2 if 0 <i<m,ieven
(3i4+1)/2 if0<i<m,iodd
(Bi+4)/2 ifm<i<2m,ieven

/2 if m <1< 2m, i odd.

(12) Fn (i) =

We find the following;:
(i) If m is odd,

1/m if0<i<m,ieven
(13) gij =14 3/m if0<i<m,iodd,j=2 (mod 3)
0 otherwise.

(ii) If m is even,

1/m if0<i<m,ieven
1/m if m <i<2m,iodd

(14) gij =19 3/m if0<i<m,iodd,j=2 (mod 3)
3/m ifm<i<2m,ieven, j =2 (mod 3)

0 otherwise.

Moreover (Q(d))? is a positive matrix.
Example 4. m = 9. Then (13) gives Q(9) =

/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9

0 0 1/3 0 0 1/3 0 0 1/3
/9 1/9 19 1/9 1/9 1/9 1/9 1/9 1/9
0 0 1/3 0 0 1/3 0 0 1/3
/9 1/9 19 1/9 1/9 1/9 1/9 1/9 1/9
0 1/3 0 0 1/3 0 0 1/3

0
/9 J1/9 1/9 J1/9 1/9 J1/9 1/9 /1/9  1/9
0 0 1/3 0 0 1/3 0 0 1/3
/9 1/9 19 1/9 1/9 1/9 1/9 1/9  1/9

Example 5. m = 6. Then (14) gives Q(12) =

r1/12 1712 1712 1/12  1/12 1712 1712 1712 1712 1/12  1/12  1/12 -

0 0 1/4 0 0 1/4 0 0 1/4 0 0 1/4
1/12  1/12 1712 1/12  1/12  1/12 1/12 1/12 1/12  1/12 1/12 1/12
0 0 1/4 0 0 1/4 0 0 1/4 0 0 1/4
1/12 1712 1712 1/12  1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12
0 0 1/4 0 0 1/4 0 0 1/4 0 0 1/4
0 0 1/4 0 0 1/4 0 0 1/4 0 0 1/4
/12 1/12  1/12 1/12  1/12 1/12 1712 1712 1712 1712 1712 1/12
0 0 1/4 0 0 1/4 0 0 1/4 0 0 1/4
/12 1/12  1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12
0 0 1/4 0 0 1/4 0 0 1/4 0 0 1/4
L 1/12 1712 1712 1/12  1/12  1/12  1/12 1/12 1/12 1/12 1/12 1/12 ]
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Experimentally, we found that when m is a multiple of 3, the stationary vector of
Q(d) is proportional to X = (zg,1,%2,...,T4_3,Td—2,T4_1)’, where for 0 < ¢ <
d/3,

(1,1,4) if m=6n

(31, Tat11,T342) = ¢ 2n+1,2n+1,8n+2) ifm=12n+3

(n+1,n+1,4n+3) ifm=12n+9.

Then for example, if m = 12n 4 9,
2n+1
me® - -my* ' = RSRS---RSR
_ R2nt2g2n+1

e () () ()
() ) ()
()" () <

To || Td=1 _ JwottTa—i
my myt <d

R2n+252n+1 < m(4n+3)(6n+5)

where

Then

(6n+5)(4n+3)
<m2+ 1) 33n+2)(4n+3) - ) (6n+5)(4n+3)

((1 + l/m))(6n+5) 33n+2 < 2(6n+5)

m+1l m-1 m+1
2

(15) (14+1/m)) 2 377 <2
Now (1+1/m)™ <3 and 1+ 1/m < 3/2if m > 2. Hence

—
—
—
=
<~

m—1 m—1

(1+1/m)™*t137 2 <3(1+1/m)3 =

m+41

< 3%23/2.

Hence (15) holds if

3727 3/2 < 2m Tl

or equivalently
3m+3 < 4m+2
and this holds for m > 2.
Hence we expect all trajectories to eventually cycle. Also it seems certain that
there are only finitely many cycles for each such m. We have found seven cycles
when m = 9:

—6,—10,—6

(i) 0,0

(i) —1,-1
(iii) 1,2,1

(iv) —4,-7,—4
(v)
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(vi) —11,-19,—11
(vii) 14,23,38,21,35,19, 32, 53,29, 16, 26, 14.
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