
PROBLEMS, SHEET 4, MP473, 2000

1. Let K = Q( 4
√

2). Find all isomorphisms σ : K → C and the minimum
polynomials and field polynomials of 4

√
2,
√

2, 2,
√

2 + 1.

2. (∗) Let θ be an algebraic integer of degree n and let D be the discrim-
inant of θ. Let Fk be the additive group

Fk = Z
1

D
⊕ Z θ

D
⊕ · · · ⊕ Zθ

k

D
,

k = 0, . . . , n− 1 and let Rk = Fk ∩OK , where K = Q(θ).

(a) Prove that R0 = Z and Rn−1 = OK .

(b) Let dk be the least positive integer such that dkRk ⊆ Z[θ]. Show
that xRk ⊆ Z[θ] implies dk|x.

Show that d0 = 1 and dk|dk+1|D.

(c) Noting that the elements of Rk have the form

αk =
ak0 + ak1θ + · · ·+ akkθ

k

dk
,

where ak0, . . . , akk ∈ Z, define a minimal integer of degree k to be
an element of Rk with least positive akk. Use induction on k to
prove that akk = 1.

(d) If 1, α1, . . . , αn−1 are minimal integers of degrees 0, 1, . . . , n − 1
respectively, prove that they form an integral basis of K.

(e) Prove that the index of θ is d1 · · · dn−1. Also show that D is

divisible by d
2(n−k)
k .

(f) Show that the αk can be chosen so that 0 ≤ akj < dk/dj if k > j.

3. Use the above question to do Question 6, Sheet 3.

4. Let θ be a root of x3 − ax2 − (a + 3)x − 1, where m = a2 + 3a + 9 is
squarefree.

(a) Prove that ∆K(1, θ, θ2) = m2 and deduce that 1, θ, θ2 form an
integral basis.

(b) Prove that the conjugates of θ are θ′ = −1/(1 + θ) and θ′′ =
−1/(1 + θ′).

(c) Show that θ and 1 + θ are units. (They are in fact a pair of
fundamental units.)

5. Let ζ = e2πi/5, K = Q(ζ) and u = −ζ2(1 + ζ).

(a) Show that u ∈ UK .

(b) Show that 1 < u < 2.

(c) Show that R ∩Q(ζ) = Q(
√

5).

(d) Use (a),(b),(c) to prove that u = (1 +
√

5)/2.
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(e) Prove that u is a fundamental unit of K. List the units of K.

6. If d > 0 is squarefree and d ≡ 1 (mod 8), prove that there is no unit of
Q(
√
d) of the form (x+ y

√
d)/2, where x and y are odd.

7. Find the fundamental unit of Q(
√

69). (Ans: 11 + 3ω.)

8. If α ∈ K is a root of a monic polynomial f(x) ∈ Z[x] and if f(r) = ±1,
where r ∈ Z, show that α− r ∈ UK .
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