PROBLEMS, Sheet 6, MP313, Semester 2, 1999.

. If pn/qn is the n—th convergent to «, prove that ¢, > F, 1.

. If x,, denotes the n—th complete quotient to «, prove that

x _
Ty = Pnini1 + Pnot 1, if n > 0.
qnTn+1 + qn—1
. Find the simple continued fraction for a = 3+2‘ﬁ.
I x = [ag, a1, ..., ak, 2a9], where aq,...,a; is a symmetric string of

positive integers, prove that z? is rational.
. Prove that vVd> —1=1[d—1,1,2d - 2] if d > 1.

. If d > 1 is an odd integer, prove that

Va2 +4=[d;(d—1)/2,1, 1, (d —1)/2, 2d).

. Prove that the continued fraction of v/d has period length 1 if and only
ifd=a>+1,a>1.

. Let d = a® + b, where a, b € N, b > 1 and b|2a. Prove that [Vd] = a
and that v/d has the continued fraction expansion

Vid = [a, 24 2a).

Hence, or otherwise, derive the continued fraction expansion for v/ D? — D,
when D > 2 is a positive integer.

Conversely, if the continued fraction expansion of v/d has period length
2, show that d = a® + b, where a, b € N, b > 1 and b|2a.

. (H.J.S. Smith 1877) Use the equation

Tnt+1 = _(pn—l - :L‘Qn—l)/(pn - xOQn)

to prove that
-1 n+1
xl...xn_"_l:L. (1)
Pn — Zoqn



10.

11.

12.

13.

Deduce that if 2o = [v/d] + v/d and k + 1 is the period length of the
simple continued fraction for x, then

Ty Tk :pk+Qk\/8-
lustrate with d = 7.

Let (z1,y1) and (w9, y2) be integer solutions of 22 — dy* = +1 such that
1<ax+ ylx/a < x9+ yg\/a. Prove that x1 < x5 and y; < y, either by
using the result that 1 < z 4+ yv/d and 22 — dy? = +1,z,y € Z, implies
x>0 and y > 0, or otherwise.

Use question 9 to show that if 2y = & 050‘/3, then
P? —d
QOp?z — 2Popnqn + OQO Q’IQZ = (_1)n+1Qn+1 (2)

forn>0.
(Hint: Apply o to both sides of equation (1).)
Remark: If 2o = v/d, equation (2) reduces to p2 — dg? = (—1)"t'Qpy1,

while if zg = */C_g_l and d = 1 (mod 4), equation (2) reduces to
1-d i1 @n
pi + DnQn + qu = <_1) +1T+1'

Let d be a positive non-square integer, A = |v/d] and let

Vd =\ A, M 22

have period k£ + 1. Writing x; = P”rﬁ, show that xp,, is the first

Qi
complete quotient with @; = 1.
(Hint: Use the fact that z; is reduced for ¢ > 1, to show that Q; = 1 =
P,=X=i=0(modk+1).)
[llustrate with d = 47.

Let d > 1 be a positive non-square rational and \ = [\/82_1J.



(a) Show that a = A+ 1+T\/E is reduced and that

Vid—1
9

:[)\, >\17~--;)\k7 2)\+1],

where the sequence Ay, ..., \; is symmetric.

(b) Let d € N,;d = 1 (mod4). Writing x; = Plg—:/a, show that xpiq is
the first complete quotient with Q; = 2.
(Hint: Use the fact that z; is reduced for ¢ > 1, to show that
Qi=2=PFP, =2 \+1=i=0(modk+1).)
[lustrate with d = 13 and 93.

Remark. If d > 1 is a squarefree positive integer, this algorithm
is used in CALC to find the fundamental unit 7, = px + qrw, of
Q(Vd) if d = 1 (mod 4) and w = 1*—2\/3.

7 is the smallest unit > 1 in the ring Z[w] of integers of the form
a+ bw, a,b € Z. Here py/qx satisfies

1 —d
g = (1)1

4
and is the first convergent to */C_é_l for which Qr.1 = 2. Equiv-
alently (z,y) = (2px + q&, qx) is the solution in positive integers
x,y, with smallest x, of the Pell-like equation 2% — dy? = £4.

Dh + prqr +

If d =2(mod4) or d = 3 (mod4), the relevant ring of integers is
Z[V/d), the set of numbers a + bv/d,a,b € Z. The fundamental
unit 7y = pr, + quVd, where py /g, satisfies p? — dg; = (—1)*+! and
is the first convergent to v/d for which Q.1 = 1.

In both cases all units are given by £n{, £n;,n € Z, respectively.



