PROBLEMS, SHEET 2, MP313, Semester 2, 1999.

. Let albe, where abe # 0.

(a) Prove that
al ged(a, b) ged(a, ).

(b) Use induction to prove the generalization: Let ala - - - a,,. Then
alged(a, ar) -~ ged(a, an).
. Solve the congruence 256z = 8 (mod 337).

. Let m > 1,gcd (a,m) = 1. Prove that the congruence ax = b(modm)
has the solution
2 = ba®™ 1 (mod m).

. Let m,n € Nand d = gecd(m, n). If d | a — b, prove that the system of
congruences

x=a(modm) and 2z =b(modn)
has the solution n -
x = aka + bhg (mod1),
where d = hm + kn and [ = lem (m, n).
. Solve the system of congruences
r =1(mod49), z=15(mod21), z=12(mod13).

. Solve the following systems of congruences by working in Zi9, Zss,
respectively:

(a)
3r+3y = 1(mod19)
5z 42y = 1(modl19).

3z +1ly = 1(mod33)
11z 4+ 3y = 1(mod33).

. . . d —b a b
(Hint: In (b) use the identity [ e a ] [ . d } = (ad — be)Is.)
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18.

. Let p be an odd prime and k a positive integer. Show that the con-

gruence 22 = 1 (modp”) has exactly two solutions mod p*, namely

z = £1 (mod p*).

. Show that the congruence z? = 1 (mod 2¥) has exactly four solutions

mod 2% namely 2 = £1 or z = +(1 + 2¥71) (mod 2¥), when k > 3.
Show that when & = 1 there is one solution and when k = 2 there are
two solutions mod 2F.

. Calculate d(270),0(270), $(270), u(710).

If o(n) > 2n and p is a prime not dividing n, prove that o(pn) > 2pn.
If ¢(n)|(n — 1), prove that n is squarefree.

Prove that

S Jald)] = 22,

din

where w(n) is the number of distinct prime factors of n.

Prove that

pPd) _ no
% o(d) — ¢(n)

(a) Let n be an odd positive integer.
Prove that o(n) is odd if and only if n is a perfect square.
Hint: Prove that if p is odd, then

odd if m is even,

m -
T+p+...+p7is { even if m is odd.

(b) Let n be an even positive integer, n = 2°/N, where N is odd.
Prove that o(n) is odd if and only if N is a perfect square.

If n = p%q®, where p and ¢ are distinct odd primes and a > 1, b > 1,
prove that o(n) < 2n.

If n > 1, prove that ¢(n)|n < n =2%3" a>1,b>0.

Find all positive integers n satisfying
(a) ¢(n) =2, (b) ¢(n) =4, (c) ¢(n) =6. .

If n > 1 is not a prime, prove that o(n) > n + /n.



19. Von Mangoldt’s function A(n) is defined by

logp if n=p™, paprime, m>1
A — 9y ) )
(n) { 0 otherwise.

(a) Prove that

logn = Z A(d).

dln
(b) Deduce that
A(n) == p(d)logd.

dn

20. (a) By writing

logn! = Zn: logm = Zn: Z:A(al)7
m=1

m=1d|m

where A(n) is Von Mangoldt’s function, derive the formula

o) =3 K M)

k=1 p

where p®(") is the exact power of p which divides n!.

(b) If n =ap+aip+---+a,p" is the expansion of n to base p, prove

that ( )
n—(a+a+---+a
ap(n): _1 T'
p

(c¢) Prove that aa(n) =n —va(n), where v2(n) is the number of ones
in the binary expansion of n.

(d) Derive formula (1) directly, using a counting argument.

(e) Calculate the number of zero at the end of the decimal expansion

of 100!
21. Prove that
n n/d
S Hd) =S u@) S fd)
d=1 din t=1

ged (d,n) =1

if f: N — C is a complex—valued function.



(Hint: Write the LHS as

Y f@) Y uD))
d=1

D] ged (d,n)

22. If n € N, let
Ym(n) = D d™

d=1
ged (d,n) =1

(a) Prove that if n > 1,

(b) Prove that

n? —1)t
Pa(n) = —+( )p e ) d(n),
3 6
where pq,...,p; are the distinct prime factors of n.

23. Prove that if n € N and n|(2"™ — 1), then n = 1. [Hint: Suppose that
there exists an n > 2 satisfying n|(2" — 1). Choose the least such n.
Then use the identity

ged (27 — 1, 9d(n) _ 1) = gged (n,¢(n)) _
and the Euler—Fermat theorem.]
ASSIGNMENT 1

Please hand in Questions 1(a), 5, 6(a) and 13 by Friday 5pm, 13th August
1999.



