4.3 Uniqueness of the Jordan form
Let 8 be a basis for V' for which [T ]g is in Jordan canonical form
J=Jdeg (A1) @+ e, (Ng).

If we change the order of the basis vectors in 3, we produce a corresponding
change in the order of the elementary Jordan matrices. It is customary to
assume our Jordan forms arranged so as to group together into a block those
elementary Jordan matrices having the same eigenvalue ¢;:

J=L @ D Jy

where .
Ji = @ Jeij (Cl)
j=1

Moreover within this i-th block J;, we assume the sizes e;1,. .., e, of the
elementary Jordan matrices decrease monotonically:

€1 > ... €iry; -

We prove that with this convention, the above sequence is uniquely deter-
mined by T and the eigenvalue c;.
We next observe that
¢

13 t v
chy = chy = [ ehy, = [T ][(x =) = ][ (@ — eyt tem.

i=1 i=1j=1 i=1
Hence cq, ..., ¢ are determined as the distinct eigenvalues of T.

DEFINITION 4.2

The numbers e;1, ..., e, 1 < i <t, are called the Segre characteristic
of T', while the numbers vy, z—¢;, ..., Vb, a—c;» 1 <1 <t are called the Weyr
characteristic of T'.

The polynomials (z — ¢;)¢ are called the elementary divisors of T'.

LEMMA 4.1
Let ) )
00 0
10
01
A=J.(0)=
0 0 0 0
| 0 0 1 0 |
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Then
h ifl<h<e-—1
hy __ = = )
V(A)_{e ife < h.

Proof. A" has 1 on the h-th sub-diagonal, 0 elsewhere, if 1 < h < e — 1,
whereas A" =0 if h > e.
Consequently

hy h—1y __ 1 1f1§h§e,
v(4%) —v(4 )_{o if e < h.

We now can prove that the sequence e;1 > ... e;,, is determined uniquely
by T and the eigenvalue c;.
Let p. =2 — ¢ and

A=[T1;=6P EB Jei; (ci)-
i=1 j=1

Then
v(pi(T)) = v(pi(A)

= U DDy ()

i=1 j=1
t i
= I/(@ @ Jgij (Ci - Ck))
i=1 j=1
t v
- ZZV(JQj(Ci - ck))a
i=1 j=1

where we have used the fact that
pk(‘]eij (Cl)) = Jeij (Cl) —cpln = Jeij (Ci - Ck)'

However Je,(¢; — cx) is a non-singular matrix if i # &, so

if i # k. Hence



Hence

Tk
Uhamen = VOR(D)) = v HT)) = Y (v (0) = (I 0)))
j=1

Yk
Dt
j=1
hgek]’

Consequently v4 z—¢;, — Vn41,2—¢, is the number of e;; which are equal to
h. Hence by taking h = 1,..., we see that the sequence ey, ...,ep,, is
determined by T and ¢ and is in fact the contribution of the eigenvalue c
to the Segre characteristic of T .

REMARK. If A and B are similar matrices over F, then B = P~'AP say.
Also A and B have the same characteristic polynomials. Then if ¢ is an
eigenvalue of A and B and py = = — ¢, we have

Pi(Tp) = pi(B) = PTp(A)P = P~ 'pi(Ta) P

and hence
v(pi(TB)) = v(pi(Ta))

for all h > 1.

Consequently the Weyr characteristics of T4 and Tp will be identical.
Hence the corresponding dot diagrams and so the Segre characteristics will
also be identical. Hence T4 and Tg have the same Jordan form.

EXAMPLE 4.2
Let A = JQ(O) D JQ(O) and B = JQ(O) D Jl(()) D Jl(O). Then
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chp=chg =12 and m4q=mp=2z".

However A is not similar to B. For both matrices are in Jordan form and
the Segre characteristics for T4 and Tp are 2, 2 and 2, 1, 1, respectively.

EXERCISE List all possible Jordan canonical forms of 2 x 2 and 3 x 3
matrices and deduce that if A and B have the same characteristic and same
minimum polynomials, then A and B are similar if A and B are 2 x 2 or
3 X 3.

REMARK. Of course if A and B have the same Jordan canonical form, then
A and B are similar.
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