
PROBLEM SHEET 4, MP204/274, Semester 1, 1999

(An ∗ indicates a challenging question.)

1. A is a 3× 3 matrix such that A2 = 0 and A 6= 0. Prove that

(a) C(A) ⊆ N(A). (Hint: Let X ∈ C(A). Then X = AY for some
Y ∈ Rn.)

(b) rankA = 1. (Hint: Use the rank + nullity theorem.)

(c) Exhibit a nonzero 3× 3 matrix A such that A2 = 0.

2. T : R2 → R
2 is a linear transformation which maps (1, 2)t to (−2, 3)t

and (1,−1)t to (5, 2)t. Find T (v) when v = (7, 5)t. (Ans: 7, 18)t.)

3. Let T : U → V be a linear transformation. Using the rank + nullity
theorem, prove that

(a) rankT ≤ dimU .

(b) KerT = {0} ⇒ dimU ≤ dimV .

4. Let U be a vector space with basis u1, u2, u3. T : U → U is the linear
transformation defined by

T (u1) = u3, T (u2) = −u3, T (u3) = u1 + u2.

Find bases for KerT, ImT . Also find rankT and nullityT .

5. Let U be a vector space with basis u1, u2, u3. T : U → U is the linear
transformation defined by

T (u1) = u1 + u2 + u3

T (u2) = u1 − u2 + u3

T (u3) = 2u1 + 2u3.

Find bases for KerT, ImT . Also find rankT and nullityT .

6. Let A =

[
1 2
1 3

]
and let T : M2×2(R) → M2×2(R) be the linear

transformation defined by T (X) = AX −XA. Prove that

ImT =

〈[
−1 −2

0 1

]
,

[
2 0
2 −2

]〉
, KerT = 〈I2, A〉.

[Hint: Use the standard basis E11, E12, E21, E22 for M2×2(R).]

7. (∗) Let u1, u2, u3 be a basis for R3 and v1, v2, v3 be any vectors in R3.
If T is the linear transformation such that T (ui) = vi for i = 1, 2, 3,
show that T = TA, where A is the 3× 3 matrix

A = [v1| v2| v3][u1|u2|u3]−1.

8. If T : U → V is a linear transformation, prove that ImT is a subspace
of V .
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9. Let T : U → U be a linear transformation. If KerT = {0}, deduce
that ImT = U .

10. Let A ∈Mn×n(R) and let T : Mn×n(R)→Mn×n(R) be defined by

T (X) = AX.

(a) Prove that X belongs to KerT if and only if each column of X
belongs to N(A).

(b) Prove that nullityT = n · nullityA.

(c) Prove that rankT = n · rankA.

11. (∗) (An alternative proof of the “rank + nullity ” theorem)

Let T : U → V be a linear transformation over R. Suppose that
u1, . . . , un form a basis for U , that T (u1), . . . , T (ur) are linearly inde-
pendent and that for i = 1, . . . , n− r we have

T (ur+i) = ai1T (u1) + · · ·+ airT (ur),

where aij ∈ R for j = 1, . . . , r. Prove that the vectors

wi = ur+i − ai1u1 − · · · − airur, 1 ≤ i ≤ n− r,

form a basis for KerT .

12. (∗) Let A ∈Mm×n(R). Prove that

(a) N(At) ∩ C(A) = {0}

and deduce that
(b) N(At) + C(A) = Rm.

[Hint: For (a), Y ∈ C(A)⇒ Y = AX,X ∈ Rn;Y tY = y2
1 + · · ·+ y2

m, if
Y = [y1, . . . , ym]t.] (c) Hence deduce that the equation AtAX = AtB
is always soluble for X ∈ Rn if B ∈ Rm. [Hint: Write B = Y + Z,
where Y ∈ N(At) and Z ∈ C(A).]
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