PROBLEM SHEET 1, MP204/274, Semester 1, 1999

. Which of the following matrices is in reduced row—echelon form?

1000 -3 010 0 5 010 0
@]0010 4| (BH[001 0 —4| (001 0
0001 2 000 —1 3 01 0 —2
(01 00 2] 12000 0000
0000 —1 00100 00 1 2
Dlooo01 4| @loooo1| Olooon
(0000 O] 00000 000 0

1.0 0 0 1]

0100 2
(g) 000 1 —1 .[Answers. (a)7 (e), (g)]
0000 O]

. Find reduced row—echelon forms which are row—equivalent to the fol-
lowing matrices:

111 20 0
(a){ggg] (b)[?éi] @l1 10| @] o000
100 40 0
[Answers:
100 100
(a){égg] (b)“?‘é} @lo1o| @looo
00 1 00 0

. Solve the following systems of linear equations by reducing the aug-
mented matrix to reduced row—echelon form:

(a) r+y+z = 2 (b) T+ 22— w3+ 21y =

204+ 3y — 2z = 8 3r1 — To+ Txs+4xs =

r—y—z = —8 —b5x1 4+ 329 — 1523 — 624 =

(c) 3r—y+72 = 0 (d) 2@y + 3x3 — 4wy =

2 —y+4z = % 2034+ 34 =

rT—y+z = 1 201 + 229 — 53 + 214 =

6x —4y + 10z = 3 201 — 6x3+ 914 =
[Answers: (a) . = —3, y = 22, 2 = 1; (b) inconsistent;

(¢) x = —3 — 3z, y = —3 — 2z, with z arbitrary;
(d) z1 = 1—29 — 91y, Ty = —g + %m, Ty =2 — %m, with x4 arbitrary.]

. Show that the following system is consistent if and only if ¢ = 2a — 3b
and solve the system in this case.

2r—y+3z =
3r+y—52z =0
—bxr —oy+2lz = e
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10.

o atb 2 _ —3a+2b | 19 ~ :
[Answer: x = 2 4 2z, y = =42 + 22, with z arbitrary.]

For which numbers A does the homogeneous system
r+(A=3)y = 0
A=3)x+y = 0

have a non-trivial solution?

[Answer: A = 2, 4.]

Solve the homogeneous system

3x1+x04+23+24 = 0
5x1 —x9+x3—1x4 = 0.

[Answer: z; = —%QZ’;),, Ty = —%xg — x4, with 23 and z4 arbitrary.|

Solve the homogeneous system
=31 + X2 + a3+ x4 =
$1—3JJ2—|—SL’3+LL’4 =

T1+ a9 —3x3+14 =

o o o o

J}1+[E2+J}3—3I’4 ==

[Answer: z; = xo = 23 = x4, with x4 arbitrary.]

(%) Let A be the coefficient matrix of the following homogeneous system
of n equations in n unknowns:

(1—n)xy+xo+- -+
r1+(I—n)rg+ -+, =

o o o o

$1+$2+"'+(1-ﬂ)1}n =

Find the reduced row—echelon form of A and hence, or otherwise, prove
that the solution of the above system is vy = 9 = - -+ = x,,, with z,,
arbitrary.

Let A be n x n.

(i) If A%2 =0, prove that A is singular.
(ii) If A2 = A and A # I,,, prove that A is singular.

Determine explicitly the following products of 3 x 3 elementary row
matrices.

(i) EyoFos (i) E1(5)Eyy  (iii) E12(3)Ea(=3)  (iv) (E1(100))~!
(v) B (vi) (Bwo(7))7" (vii) (Bi2(7)Esi (1)~



11.

12.

13.

14.

15.

16.

Let A be the following product of 4 x 4 elementary row matrices:
A = E5(2)E14E42(3).

Find A and A~! explicitly.

03 01 0 0 01

o lotoo] ., o 100
[Answers: A = 00 2 0 A7l = 0 0! ]

1 000 1 =3 00

Let A be m x m. If A is row—equivalent to a matrix having a zero row,
prove that A is singular.

Determine which of the following matrices are non—singular and find
the inverse, where possible.

111 2 2 4 4 6 —3
(| =1 10| (b)|1 0 1 ()00 7
20 0 010 00 5
(2 0 0] 123
()]0 =5 0| (e)]| 4 5 6
0 0 7| 579
0o 0 1 -1 2 1 100
[Answers: (a) | 0 1 5 [ (b) 0 0 1[0 -0
1 -1 -1 : -1 -1 0 0 1%

() (i) If Ais m xn and B is n x m, prove that AB is singular if m > n.
(ii) Let A and B be m x m. If A or B is singular, prove that AB is
also singular.

() Let A be m x m.

(i) Ifforall X € R™, AX = 0= X =0, prove that A is non-singular.

(ii) If Bis m x m and BA = I, deduce that AB = I,,,. (Hint: use
(1))

(iii) If A is non-singular, prove that rref(A) = I,,,.

(x) Let B be an n x n skew-symmetric matrix, ie. B' = —B. Prove
that A = I,, — B is non—singular. (Hint: Let X € R", assume AX = 0,
deduce X*X = X*BX and deduce X = 0 by using the fact that X*BX
is 1 x 1 and hence equal to its transpose.)



