Y 1138
19 |
145
} X
ot S oS i X1
9 4.5 1459 135
1-45 |
1o

Figure 1: (a): 22 — 8 + 8y + 8 = 0; (b): v — 122 +2y+25=0

Section 7.3

1. (i) 22 —8x+8y+8 = (z—4)2+8(y—1). So the equation 72 —8x+8y+8 =0
becomes
2} +8y1 =0 (1)

if we make a translation of axes x —4 =x1, y — 1 = y1.
However equation (1) can be written as a standard form

which represents a parabola with vertex at (4, 1). (See Figure 1(a).)

(i) y?2 — 120+ 2y + 25 = (y +1)2 — 12(z — 2). Hence y? — 122+ 2y +25 =0
becomes
Y — 122, =0 (2)

if we make a translation of axes x — 2 =x1, y+ 1 =y.
However equation (2) can be written as a standard form

y% = 12z,

which represents a parabola with vertex at (2, —1). (See Figure 1(b).)

2. day — 3y? = X'AX, where A = [g _3] and X = [z] The
ecigenvalues of A are the roots of \> + 3\ — 4 = 0, namely \; = —4 and

Ay =1.
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The eigenvectors corresponding to an eigenvalue A\ are the non—zero vec-

tors [z, y]! satisfying
0-Xx 2 2] [0
2 —=3-A y | |0

A1 = —4 gives equations
dr +2y =
2r+y =
which has the solution y = —2x. Hence

T | T 1
y | | =2z | -2 |
A corresponding unit eigenvector is [1/v/5, —2/v/5]".

Ao = 1 gives equations

—r+2y = 0
20 —4y = 0

which has the solution z = 2y. Hence

HEHEIHE

A corresponding unit eigenvector is [2/v/5, 1/v/5]*.

Hence if ) )
r=[% F
V5 V5

then P is an orthogonal matrix. Also as det P = 1, P is a proper orthogonal
matrix and the equation
M
Y Y1

represents a rotation to new x1, y; axes whose positive directions are given
by the respective columns of P. Also

-4 0
t —
pap-[ 40,
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Then X!AX = —42? + y? and the original equation 4zy — 3y? = 8 becomes
—422 + y? = 8, or the standard form

2 2

—21 Y

_ —:1
5 + 3 ,

which represents an hyperbola.
The asymptotes assist in drawing the curve. They are given by the
equations

.2 2
%—I—%ZO, or 1y = £2x;.
Now
MR EE It
Y1 Yy V5 V5 Yy
SO

Hence the asymptotes are

9 _
x+y:i2<:n 2y>’
V5

which reduces to y = 0 and y = 4x/3. (See Figure 2(a).)

8 -2
—2 )
eigenvalues of A are the roots of A> — 13\ + 36 = 0, namely \; = 4 and

A2 = 9. Corresponding unit eigenvectors turn out to be [1/4/5, 2/v/5]" and
[—2//5, 1/4/5]t. Hence if

3. 8x2—4xy—|—5y2:XtAX,whereA:[ ]andX:[z].The

1 =2
P=1% ¥,
V5 V5

then P is an orthogonal matrix. Also as det P = 1, P is a proper orthogonal
matrix and the equation
o ]-rln]
Y Y1

represents a rotation to new x1, y; axes whose positive directions are given
by the respective columns of P. Also

" 140
PAP—[O 9 |
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Figure 2: (a): 4ay — 3y? = 8; (b): 822 — 4wy + 5y? = 36

Then X'AX = 422 + 9y? and the original equation 822 — 4xy + 5y? = 36
becomes 4z + 9y} = 36, or the standard form

“1 -1
9+4 ’

which represents an ellipse as in Figure 2(b).
The axes of symmetry turn out to be y = 2z and z = —2y.

4. We give the sketch only for parts (i), (iii) and (iv). We give the working
for (ii) only. See Figures 3(a) and 4(a) and 4(b), respectively.
(ii) We have to investigate the equation

522 — dry + 8y + 4V5x — 16v5y + 4 = 0. (3)

Hel"e 5$2—4$y+8y2:XtAX’ WhereA: |:_g _§:| andX: |:ay?:|

The eigenvalues of A are the roots of A2 — 13\ + 36 = 0, namely \; = 9 and
A2 = 4. Corresponding unit eigenvectors turn out to be [1/v/5, —2/+/5]* and
[2/v/5, 1/4/5]t. Hence if

A1 2
P=| % ¥
Vb V5

then P is an orthogonal matrix. Also as det P = 1, P is a proper orthogonal
matrix and the equation



Figure 3: (a): 42? — 9y? — 242 — 36y — 36 = 0;

VBx —16V5y +4 =0

(b): 522 — 4wy + 8y? +

y
lg /
~. 43’15 _y2
N ' ‘ X X
9 48 /] 45 9
/ |9 T X,

Figure 4: (a): 422 +y? — dzy — 10y — 19 = 0;

70 — 30y +29=0
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(b): 7722 + 78zy — 27y% +



represents a rotation to new x1, y; axes whose positive directions are given
by the respective columns of P. Also

tan |90
PAP[O4.

Moreover
5z — dxy + 8y? = 9x? + 492

To get the coefficients of 21 and y; in the transformed form of equation (3),
we have to use the rotation equations

T = %(xl +2y1), y= %(—2961 + 1)
Then equation (3) transforms to
922 4 4y? + 3621 — Sy; +4 =0,
or, on completing the square,
9(z1 +2)% + 4(y1 — 1)* = 36,

or in standard form

x_% + @ =1
4 9 ’
where 9 = 1 + 2 and y3 = y3 — 1. Thus we have an ellipse, centre

(x27 y2) = (07 0)7 or (xla yl) = (_27 1)1 or (.’L’, y) = (07 \/5)
The axes of symmetry are given by o = 0 and y2 = 0, or 1 +2 = 0
and y1 —1 =0, or

1( 2y)+2=0 and 1(2+) 1=0
—(x — = n —= 2z —1=0,
s s

which reduce to x — 2y + 2v/5 = 0 and 2z +y — /5 = 0. See Figure 3(b).
5. (i) Consider the equation

222 + y* 4 3zy — bz — 4y + 3 = 0. (4)
2 3/2 —5/2 4 3 -5 1 1 -1
A=| 3/2 1 —2|=8 3 2 —4|=8| 3 2 —4|=0.
—-5/2 -2 3 5 —4 6 —2 -2 2
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Let = x1 + a, y = y1 + [ and substitute in equation (4) to get
2(r1+a)? + (1 +B8)? +3(x1 + ) (1 +B) = 5(z1+a) =41 +B)+3 =0 (5).
Then equating the coefficients of 1 and y; to 0 gives

do+38-5 =
3a+28-4 = 0,
which has the unique solution a = 2, § = —1. Then equation (5) simplifies

to
227 + 47 + 3z1y1 = 0 = (2z1 +y1) (21 + ).

So relative to the x1, y; coordinates, equation (4) describes two lines: 2x1 +
y1 = 0 and z1 +y; = 0. In terms of the original z, y coordinates, these lines
become 2(x —2)+ (y+1)=0and (z —2)+(y+1)=0,ie. 2 +y—3=0
and x + y — 1 = 0, which intersect in the point

(ii) Consider the equation

922 4+ y? — 6y + 62 — 2y +1=0. (6)

Here
9 -3 3
A=1|3 1 —-1|=0,
3 -1 1
as column 3 = — column 2.

Let x = 1 + o, y = y1 + B and substitute in equation (6) to get
91+ )’ + (11 + 8)* — 6(z1+ ) (y1 + B) +6(z1 + ) —2(y1 + B) +1 = 0.
Then equating the coefficients of 1 and y; to 0 gives

18a—64+6 =
6a+28-2 = 0,

or equivalently —3a+ 3 —1 = 0. Take « = 0 and # = 1. Then equation (6)
simplifies to

977 + yi — 62191 =0 = (321 —y1)* (7)
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In terms of x, y coordinates, equation (7) becomes
(Bx—(y—1)?=0, or3z —y+1=0.
(iii) Consider the equation
22 Aoy + 42—z —2y—2=0. (8)
Arguing as in the previous examples, we find that any translation
r=xi+ta, y=y+p

where 2a + 46 — 1 = 0 has the property that the coefficients of x1 and y;
will be zero in the transformed version of equation (8). Take § = 0 and
a =1/2. Then (8) reduces to

9
o3 + dzyyr + 4y — 1= 0,

or (z1+2y1)? = 3/2. Hence z1 +2y; = £3/2, with corresponding equations

r+2y=2 and x+2y=-1.
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