P3

P

Section 4.1

1. We first prove that the area of a triangle P} P»Ps, where the points
are in anti—clockwise orientation, is given by the formula

: J

Area PPy, P; = AreaOP Py, + AreaOPy,P; — Area OP P
1 1 1

2 2 )

T T2
Yy Y2

T2 T3
Y2 Y3

T3 T
Ys W

Referring to the above diagram, we have

xr1 T2
Yy Y2

Tro X3
Y2 Y3

Ir1 I3
Yyt Y3

which gives the desired formula.

We now turn to the area of a quadrilateral. One possible configuration
occurs when the quadrilateral is convex as in figure (a) below. The interior
diagonal breaks the quadrilateral into two triangles Py P, P; and P P3P;.
Then

Area Py P, P3Py = Area Py PoP3 + Area P\ P3P,

{

1 X2
Y1 Y2

T2 T3
Y2 Y3

r3 I
Ys W

N | =
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P4 P3

P
P,
(a) (b) 4
Pl Pl
Py Py
+1{ Ir1 I3 Tr3 X4 T4 X1 }
2 Y1 Y3 Y3 Y4 Ya Y1
B 1{ T1 T2 To XT3 T3 T4 T4 T }
2l v v Y2 Y3 Ys Y4 (7T

after cancellation.

Another possible configuration for the quadrilateral occurs when it is not
convex, as in figure (b). The interior diagonal P, P, then gives two triangles
PP, Py and P, P3Py and we can proceed similarly as before.

2.
a+x b+y c+z a b c x Y z
A=|lz4+u y+v z+w |=|z4+u y+v z4+w |[+| z+u y+v z4+w
u+a v+b w+ec u+a v+b w+ec u+a v+b w+ec
Now
a b c a b c a b c
r+u y+v z4+w | = T Y z + U v w
u+a v+b w+c ut+a v+b w+Hec u+a v+b w+Hec
a b c a b c a b c a b c
= T Yy z |+l Yy z|+|lu v w|+|lu v w
U v ow a b c U vw a b c
a b c
= |z vy z
u v ow
Similarly
x Y z T Yy =z T Yy z a b c
r+u y+v z+w|=|luv v w|=—|a b c|=|x y =z
ut+a v+b w+Hec a b c u v w u v ow



n? n+1)2 (n+2)? ] C3—C35—Cq n? 2n+1 2n+3
3.l n+1)?2 n+2)? n+3)?2| Co—Co—Cy | (n+1)?2 2n+3 2n+5
(n+2)? (n+3)2 (n+4)? = (n+2)% 2n+5 2n+7
n? 2n+1 2
C3_>(_j3_c2 (n+1)2 2n+3 2
N (n+2)?2 2n+5 2
R3 — R3 — Ry n? 2n+1 2
Ry — Ry — Ry 2n+1 2 0|=-8.
= n+3 2 0
4. (a)
246 427 327 246 100 327 246 1 327
1014 543 443 | =| 1014 100 443 | =100| 1014 1 443
—342 721 621 —342 100 621 —342 1 621
246 1 327
= 100| 768 0 116 :100(1)‘ _ggg ;;Z ‘:29400000.
—588 0 294
(b)
1 2 3 4 1 2 3 4
-2 1 -4 3| |0 5 2 11
3 =4 -1 2| |0 —-10 —-10 -10
4 3 -2 -1 0 -5 —14 -17
5 2 11 5 2 11
= | =10 —=10 —10 |=-10] 1 1 1
-5 —14 -17 -5 —14 -17
5 -3 6 3 6
= 10/ 1 0 0 |==10(-1)| ¢ 4 |=900.
-5 -9 —12
1 0 —2 10 0 L 10
bodetA=|3 1 4]=13 110 =, " |=-I3
5 2 -3 5 2 7



Hence A is non—singular and

1 Cii Co1 O3
A_l = _713 adJ A= _713 012 022 032
Ciz3 Oy Cs3
6. (i)

2a 2b b—c

2b 2a a-+c R1_>§1+R2
a+b a+b b -
2 2 1

= (a+b)| 2b 2a a+c
a+b a+b b

2 1
—2(a+b)(a—b)'a+b b
(i)
b+c b c Oy — Oy — Cy
c cta a .
b a a+b o
c b 0
C3_>€3_Cl a c+a 2a
o b—a a 2a
c b 0
R3_>]j3_R2 2a| —a c+a 1 |=-2a
o b —c 0

C1— C1 —Cq

—-11 -4 2
— 29 7 —10
1 -2 1

20+2b 2b+2a b+a

2a a—+c
a-+b b
0 2 1

(a+b)| 2(b—a) 2a a+c

0 a+b b

' =—2(a+b)(a— b)z.

c b 0

—a c+a 1
b—a a 1

_IC) = 2a(c® + b?).

7. Suppose that the curve y = ax? + bz + ¢ passes through the points
(xla Z/l)’ (.%'2, y2)7 (1'3, y3>7 where Ty 7& xj le 7é ] Then

ax? 4 bry +c

ax3 +bro+c =
ax +brz+c =

The coefficient determinant is essentially a Vandermonde determinant:

2 om 1 3 23 2} 1
x% To 1 |=|x1 2 23 |=—| 21
23 x3 1 1 1 1 x?
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Hence the coefficient determinant is non—zero and by Cramer’s rule, there
is a unique solution for a, b, c.

1 1 -1
8. Let A=detA=|2 3 k |. Then
1 £k 3
Cs - Cs+C L 0 1 k+2
A= P I e k42 —‘ ‘
ComCo=Cr || oy 4 k-1 4

= 4—(k—1)(k+2) =k —k—6)=—(k+3)(k—2).

Hence det A =0 if and only if k = -3 or k = 2.
Consequently if k£ # —3 and k # 2, then det A # 0 and the given system

rT+y—z =
20 4+3y+kz = 3
r+ky+3z =2

has a unique solution. We consider the cases k = —3 and k = 2 separately.
k=-3:
1 1 -1 1 1 1 -1 1
AM=|2 3 -3 3 %:i}__f’l 0 1 -1 1
1 -3 3 2 3 Bl -4 41
1 1 -1
R3 — R3 + 4Ry 01 -1 ,
00 065
from which we read off inconsistency.
k=2:
1 1 -1 1 11 -1 1
AM=1]2 3 23 RRE:R;__Q? 01 41
12 32 L RO B I |
1 0 =5 0
Rs — R3s — Ry 01 4 1
00 00
We read off the complete solution x = 5z, y = 1 — 4z, where z is arbitrary.
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Finally we have to determine the solution for which z2 +y? + 22 is least.

B+t +22 = (52)? +(1—42)? + 22 =422 — 82+ 1

4 1 2\? 1 2\
= 4202 — —z+ —) =42 -7 —= |57
TR Y {(Z 21> TR (21)}
2\ 13
= 420 (z—=) + 2%,
{(Z 21) +882}

We see that the least value of 22 +y2+22 is 42x 23 = 13 and this occurs when

882 — 21

z = 2/21, with corresponding values z = 10/21 and y = 1 — 4 X % = 13/21.

1 -2 b
9. Let A= | a 0 2 |Dbethe coefficient determinant of the given system.

5 20
Then expanding along column 2 gives

a 2 1 b
A = 2 5 0‘—2 2‘-—20—2(2—@1))

= 2ab— 24 =2(ab— 12).

Hence A = 0 if and only if ab = 12. Hence if ab # 12, the given system has
a unique solution.
If ab = 12 we must argue with care:

1 -2 b 3 1 -2 b 3
AM = a 0 2 2| =10 20 2—ab 2—-3a
5 201 0 12 -5b —14
(1 -2 b 3 1 -2 b 3
—5b —7 —5p -7
- (01 5 F |—=|0 1 53 F
| 0 2a 2—ab 2-3a 0 0 125ab 6—32a
1 —2 b 3
= |0 1 3 F | =B
0 0 0 6—2a

I
= ‘

Hence if 6 — 2a # 0, i.e. a # 3, the system has no solution.
If a = 3 (and hence b = 4), then

1 -2 4 1 0 2/3 2/3
B=|0 1 F F|-=]01 F F
00 0 0 00 0 O



Consequently the complete solution of the system is x = —% + %z, Yy =
%7 + %z, where z is arbitrary. Hence there are infinitely many solutions.

10.

11 2 1 | Ry—Ri—2R |1 1 2 1
A _ |12 3 4 | Rs—Ry—2R; [0 1 1 3
“ |24 7 2+46| Re—Ry—R, |0 2 3 2t+4
2 2 6-t ¢ = 00 2—t t—2
11 3 11 3
2 3 g e T2 gy
0 2—¢t t—2 N 0 2—¢t t—2
1 2t—2 1 2t—2
= oy 1.5 ‘—(t—Q)‘ 1 ‘_(t—2)(2t—1).

Hence A =0 if and only if t =2 or ¢t = % Consequently the given matrix
B is non—singular if and only if t # 2 and t # %

11. Let A be a 3 x 3 matrix with det A # 0. Then
(i)
AadjA = (detA)ls (1)
(det A)det (adjA) = det(det A-I3) = (det A)>.
Hence, as det A # 0, dividing out by det A in the last equation gives
det (adj A) = (det A)%

(ii) . Also from equation (1)

1
= A) adjA=1
(detA ) ad) 5

so adj A is non—singular and

1
AT = ——A
(adjA) det A

Finally
A7 adj (A7) = (det AN I3
and multiplying both sides of the last equation by A gives

1
= A.
det A

adj (A™!) = A(det A1) I3
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12. Let A be a real 3 x 3 matrix satisfying A'A = I3. Then

(i) AH(A—13) = A'A— At =13 A
—(A' = I3) = — (A" - I}) = —(A - I3)".

Taking determinants of both sides then gives

det Aldet (A —1I3) = det(—(A—I3)")
det Adet (A —1I3) = (—1)3det (A — L)
= —det (A~ 1) (1).

(i) Also det AA" = det I3, so
det Aldet A =1 = (det A)2.

Hence det A = +1.
(iii) Suppose that det A = 1. Then equation (1) gives

det (A — Ig) = —det (A — Ig),

so (1 +1)det (A — I3) = 0 and hence det (A — I3) = 0.

13. Suppose that column 1 is a linear combination of the remaining columns:

A*l = xQA*Q + -+ wnA*n

Then
Toa12 + -+ Tpaln Q12 - Gl
Toagy + -+ TpQon Q22 - G2p
det A = . .
T20n2 + - -+ TpQpn An2 - App

Now det A is unchanged in value if we perform the operation

Ci—Cy—xCy — - —z2,Cy
0 a2 -+ am
0 ax --- a,
det A= . . ) . =0.
0 ap2 -+ apn
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Conversely, suppose that det A = 0. Then the homogeneous system AX =0
has a non-trivial solution X = [z1,...,z,]". So

1A+ F Ay = 0.

Suppose for example that z1 # 0. Then

A — <_w2> P <_w> A
T T

and the first column of A is a linear combination of the remaining columns.

14. Consider the system

—2x4+3y—2z = 1
r4+2y—z = 4
—2r—-y+z = -3
-2 3 -1 0 7 =3 7 _3
Let A = 1 2 -1 |=(1 2 -1 ——’3 _1’——25£0.
-2 -1 1 0 3 -1

Hence the system has a unique solution which can be calculated using
Cramer’s rule:

_Al _A2 _Ag
T = A Y= A z= A
where
1 3 —1
A = 4 2 —1|=—4,
-3 -1 1
—2 1 -1
Ay = 1 4 —1|=-6,
-2 -3 1
—2 3 1
Az = 1 2 4|=-8.
-2 -1 -3
Hencexzi—gzzy:}g:&z:}g:ll.

15. In Remark 4.0.4, take A = I,,. Then we deduce
(a) det Eij = -1,
(b) det E;(t) = t;
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(C) det Eij(t) =1.

Now suppose that B is a non—singular n X n matrix. Then we know that B
is a product of elementary row matrices:

B=E;---E,.
Consequently we have to prove that
det By --- EpA=detEy--- Epdet A.

We prove this by induction on m.
First the case m = 1. We have to prove det E1A = det £y det A if F is
an elementary row matrix. This follows form Remark 4.0.4:

(a) det FjjA = —det A = det E;; det A;
(b) det E;(t)A = tdet A = det E;(t) det A;
(c) det E;;(t)A = det A = det E;(t) det A.

Let m > 1 and assume the proposition holds for products of m elementary
row matrices. Then

det By - EmBEmiiA = det (E1- En)(Ems1A)

det (Eq -+ Ep) det (Epi1A)
det (Eq -+ Eyy)det Epyqq det A
= det((Ey-- - Ep)Ep+1)det A

and the induction goes through.

Hence det BA = det B det A if B is non—singular.

If B is singular, problem 26, Chapter 2.7 tells us that BA is also singlular.
However singular matrices have zero determinant, so

det B=0 detBA=0,

so the equation det BA = det B det A holds trivially in this case.
16.

a+b+c a+bd a a
a+b a+b+ec a a
a a a+b+c a+b
a a a+b a+b+c

o1



Ry —Ri—Ry | ¢ —c 0 0
Ry — Ry — R3 b b+c¢c —-b-—c b
R3s —R3— R4 | O 0 c e
= a a Cl—l—b (I+b+c
C 0 0 0
Co—Co+Cy | b 2b+c —b-—c b 2b+c —b—c b
=C 0 c —c
pry 0 0 C —C 2a a+b a+b+c
a 2a a+b a+b+ec

2b+c¢c —-b—c¢ —2b—c¢

T
Cg—>E’3+C'gc 0 . 0 _ 2 2b2—CiL—c 2a+b2bjc
- 2a a+b 2a+2b+c
= (20 + ) . -1 = c2(2b + ¢)(4a + 2b + ¢).
2a 2a+2b+c
1+wu U1 U1 U1
17. Let A = 2 1 e 42 . Then using the operation
us us 1+ us us
Uy Uy Uy 1+ uy
Ry — Ri+Ra+ R3s+ Ry
we have
t t t t
us 14 us U U2
A =
uz  uz  l+wus  ug
Uy Uy Uy 14+ uy

(where t = 1 4 uj + ug + us + uy)

1 1 1 1
_ uy 14+ ug U9 UL
—(1—|—U1+U2+U3+U4) us us 1+ us us
Uy Uy Uy 1+ uy
The last determinant equals
1 000
Cr=Ce=Cil 10 0
C3—C3—Cy | 2 =1.
Ch O | U 010
AT by 0 0001
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18. Suppose that A® = — A, that A € M,,«,,(F), where n is odd. Then

det A = det(—A)
det A = (—1)"det A= —det A.

Hence (14 1)det A =0 and consequently det A=0if 14+ 150 in F.
19.

1111 Cy—Cy—C5 | 1 0 0 0
r 1 1 1 o 03—>C3—CQ r 1l—r 0 0 _(1—’/“)3
rr 11| Co—Co—=Ci |7 0 1—r 0 -
ror or 1 = r 0 0 1—r
20.
1 a®2=bec a*| Ry - Ry— Ry | 1 a® — be a*

1 ®»—ca b*| Rs—R3—R; |0 b>—ca—a’®+bc b*—at
1 2—ab = 0 2—ab—a%2+bc *—at

B b2 —ca—a®+be b*—at
—ab—a®+bec *t—at
(b—a)
(c—a)
(b
(

C

b+a)+c(b—a) (b—a)(b+a)(b2—|—a2)'
c+a)+blc—a) (c—a)(c+a)(®+a?)
b+a+c) (b—a)(b+a)(b2+a2)’
ct+a+b) (c—a)lc+a)c®+a?)
b+a+c (b+a)?+a?)
cta+b (c+a)(®+a?)
1 (b+a)(b2+a2)‘
1 (c+a)(c®+a?)

A~ N SN

a)
a)
— (b-a)c—a)

= (b—a)(c—a)(a+b+c)

Finally

2 2
1 (b+a)(b +a)‘ = (¢ +ac +ca® +a®) — (b° + ab® + ba® + a®)

(c+a)(c® + a?)
= (=) +a(®—b*)+d*(c—b)
= (c=b)(P+cb+b*+alc+b) +a?)
= (c—b)(+cb+b*+ ac+ab+a?).
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