Section 2.4

a b
2. Suppose B= | ¢ d | and that AB = I,. Then
e f
a b
[ 101} . d 10} [—a—i—e b+ f
10 e f 0 1 c+e d+f
Hence
—a+e=1 —-b+f=0
c+e=0 " d+f=1"
e=a+1 f=b )
c=—e=—(a+1) " d=1—f=1-b"
a b
B=| —a—-1 1-%
a+1 b
Next,

(BA)?B = (BA)(BA)B = B(AB)(AB) = BI,I, = BI, = B

4. Let p,, denote the statement

An = B0 gy BB

Then p; asserts that A = @A + @IQ, which is true. So let n > 1 and
assume p,. Then from (1),

At A.An:A{(32—1)A+(3—23 )12}2(32_1)1424—(3_23 ) A

_ @y gy) 4 G 4 - @IDBEIY g B0y

. (4 .3n_ 3n) A + (3 3n+1)1_2
n+1 n+1
= Bl g e

Hence py,+1 is true and the induction proceeds.

5. The equation x,1 = axy, + bx,—1 is seen to be equivalent to

RN
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or

Xp = Aanla
where X,, = [ x;“ ] and A = [ Cll 8 ] Then
n
X, =A"X,

if n > 1. Hence by Question 3,
Tn+1 (3" - 1) (3 — 3”) T
= A I

- {520 ST =
B (3" =12+ 257 (3" —1)(-3) [ﬂ

3"—1 3—-3"
2 2

Hence, equating the (2,1) elements gives

n_1 __an
xn:(g 5 )$1+(3 23 )xo ifn>1

7. Note: A1 + Ao =a+d and A\ A = ad — be.
Then

O+ Aolin — Adaknot = O+ )N+ A 2hg 4+ A2+ X3
—/\1>\2(/\7f_2 + )\711_3)\2 NS /\1)\721—3 + /\721—2)

= AP+ AT A+ AT
AT A+ M)
AP e 4+ AT

= AN HANTIA A MAT A = Ey

If A1 = A, we see

kn, = )\?_1 + /\711_2)\2 4+t )\1)\721—2 + )\3—1
= )\?_l + )\?_2)\1 4+t )\1)\711—2 + )\711—1

_ n—1
= nAj
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If A1 # A2, we see that

(A= X)kn, = (M1 — )\2)()\?_1 + )\711_2)\2 4+t )\1)\3—2 + )\g—l)
= A AT Dot AN
SO g AT D)
= AT -5

AT AR

Hence k,, = SYE

We have to prove
An = knA - )\1)\2]{,‘77,_1]2. *

n=1:

Al = A; also k1A — MAokolys = k1A — M0l
= A

Let n > 1 and assume equation % holds. Then

AL = A" A = (kpA— Mok, 11)A

Now A? = (a+ d)A — (ad — bc)Iy = (A + A2)A — A\ Aalo. Hence

Antl En(A1 + X2)A — M Aaly — Mdok, 1A

= {kn(A1 +X2) = MA2kn_1}A — Mok, o
= kpr1A — Mok, 1o,

and the induction goes through.

8. Here A1, \g are the roots of the polynomial 22 — 2z — 3 = (z — 3)(z + 1).
So we can take Ay = 3, Ao = —1. Then

S e 4
Hence
an = [BHCUTIL Ly [ET 0N
= w{}l 2%3%3”1;1(1)’%[21 0}
4 2 1 1 01l



which is equivalent to the stated result.

9. In terms of matrices, we have

=[] [ ] e
ESEEHIREIG

Now A1, Ag are the roots of the polynomial 22 — 2 — 1 here.
Hence A\ = # and Ay = % and

() ()

kn =

1+2\/5 _ (1—2\/5)
n—1 n—1
() (%)
B Vb
Hence
A" = k,A— Mok, _11>
= k‘nA'f‘knflIZ
So
F, 1
[ le] = (knA+kn_1IQ){0}
1 1 . kn + kn—1
o1 fema 5] =[5
Hence . .
145\ (1=vB\"T
()

10. From Question 5, we know that
Tn | | 1 7 "Ta
yn | |1 1 b |-
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Now by Question 7, with A = { 1 I } ,

A" = kpA— Mi)oknp11p
= knA — (1 — T)kn_lfg,

where \y = 14 /r and Ay = 1 — /r are the roots of the polynomial
2?2 =22+ (1 —7) and
AP — A

kn, =
27

Hence

A= =kt | § ]

e W L s D
k

" (11; S o — (1kirr)kn1 ] [ b ]

alky — (1 —r)kp—1) + bkpr ]
akp +b(ky — (1 —1)kp_1) |~

¥
|
|

Hence, in view of the fact that

S I P (S P 1))
knot APTT AR — {2

— A1, asn — oo,

we have

[ Tn ] a(ky, — (1 = r)ky—1) + bkypr
aky, + b(kn, — (1 —1r)kp—_1)
a(kf’i —(1—=7))+ b%r
gt + b — (1-7)
()\1 (1 — 7")) b)\lr
ari +b(A —(1—1))
a(y/r+7r)+b(1+/1)r
a(l+/r)+b(/r+7)
Vri{a(l+r) +b(1 + Vr)y/r}
a(l1+ /1) +b(y/r +7)
s
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