
Section 2.4

2. Suppose B =





a b

c d

e f



 and that AB = I2. Then

[

−1 0 1
0 1 0

]





a b

c d

e f



 =

[

1 0
0 1

]

=

[

−a + e −b + f

c + e d + f

]

.

Hence
−a + e = 1
c + e = 0

,
−b + f = 0
d + f = 1

;

e = a + 1
c = −e = −(a + 1)

,
f = b

d = 1 − f = 1 − b
;

B =





a b

−a − 1 1 − b

a + 1 b



 .

Next,

(BA)2B = (BA)(BA)B = B(AB)(AB) = BI2I2 = BI2 = B

4. Let pn denote the statement

An = (3n
−1)
2 A + (3−3n)

2 I2.

Then p1 asserts that A = (3−1)
2 A + (3−3)

2 I2, which is true. So let n ≥ 1 and
assume pn. Then from (1),

An+1 = A · An = A
{

(3n
−1)
2 A + (3−3n)

2 I2

}

= (3n
−1)
2 A2 + (3−3n)

2 A

= (3n
−1)
2 (4A − 3I2) + (3−3n)

2 A = (3n
−1)4+(3−3n)

2 A + (3n
−1)(−3)

2 I2

= (4·3n
−3n)−1
2 A + (3−3n+1)

2 I2

= (3n+1
−1)

2 A + (3−3n+1)
2 I2.

Hence pn+1 is true and the induction proceeds.

5. The equation xn+1 = axn + bxn−1 is seen to be equivalent to
[

xn+1

xn

]

=

[

a b

1 0

] [

xn

xn−1

]
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or
Xn = AXn−1,

where Xn =

[

xn+1

xn

]

and A =

[

a b

1 0

]

. Then

Xn = AnX0

if n ≥ 1. Hence by Question 3,

[

xn+1

xn

]

=

{

(3n − 1)

2
A +

(3 − 3n)

2
I2

} [

x1

x0

]

=

{

(3n − 1)

2

[

4 −3
1 0

]

+

[

3−3n

2 0

0 3−3n

2

]} [

x1

x0

]

=





(3n − 1)2 + 3−3n

2
(3n

−1)(−3)
2

3n
−1
2

3−3n

2





[

x1

x0

]

Hence, equating the (2, 1) elements gives

xn =
(3n − 1)

2
x1 +

(3 − 3n)

2
x0 if n ≥ 1

7. Note: λ1 + λ2 = a + d and λ1λ2 = ad − bc.
Then

(λ1 + λ2)kn − λ1λ2kn−1 = (λ1 + λ2)(λ
n−1
1 + λn−2

1 λ2 + · · · + λ1λ
n−2
2 + λn−1

2 )

−λ1λ2(λ
n−2
1 + λn−3

1 λ2 + · · · + λ1λ
n−3
2 + λn−2

2 )

= (λn

1 + λn−1
1 λ2 + · · · + λ1λ

n−1
2 )

+(λn−1
1 λ2 + · · · + λ1λ

n−1
2 + λn

2 )

−(λn−1
1 λ2 + · · · + λ1λ

n−1
2 )

= λn

1 + λn−1
1 λ2 + · · · + λ1λ

n−1
2 + λn

2 = kn+1

If λ1 = λ2, we see

kn = λn−1
1 + λn−2

1 λ2 + · · · + λ1λ
n−2
2 + λn−1

2

= λn−1
1 + λn−2

1 λ1 + · · · + λ1λ
n−2
1 + λn−1

1

= nλn−1
1
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If λ1 6= λ2, we see that

(λ1 − λ2)kn = (λ1 − λ2)(λ
n−1
1 + λn−2

1 λ2 + · · · + λ1λ
n−2
2 + λn−1

2 )

= λn

1 + λn−1
1 λ2 + · · · + λ1λ

n−1
2

−(λn−1
1 λ2 + · · · + λ1λ

n−1
2 + λn

2 )

= λn

1 − λn

2 .

Hence kn =
λ

n

1
−λ

n

2

λ1−λ2
.

We have to prove
An = knA − λ1λ2kn−1I2. ∗

n=1:

A1 = A; also k1A − λ1λ2k0I2 = k1A − λ1λ20I2

= A.

Let n ≥ 1 and assume equation ∗ holds. Then

An+1 = An · A = (knA − λ1λ2kn−1I2)A

= knA2 − λ1λ2kn−1A.

Now A2 = (a + d)A − (ad − bc)I2 = (λ1 + λ2)A − λ1λ2I2. Hence

An+1 = kn(λ1 + λ2)A − λ1λ2I2 − λ1λ2kn−1A

= {kn(λ1 + λ2) − λ1λ2kn−1}A − λ1λ2knI2

= kn+1A − λ1λ2knI2,

and the induction goes through.

8. Here λ1, λ2 are the roots of the polynomial x2 − 2x− 3 = (x− 3)(x + 1).
So we can take λ1 = 3, λ2 = −1. Then

kn =
3n − (−1)n

3 − (−1)
=

3n + (−1)n+1

4
.

Hence

An =

{

3n + (−1)n+1

4

}

A − (−3)

{

3n−1 + (−1)n

4

}

I2

=
3n + (−1)n+1

4

[

1 2
2 1

]

+ 3

{

3n−1 + (−1)n

4

} [

1 0
0 1

]

,
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which is equivalent to the stated result.

9. In terms of matrices, we have

[

Fn+1

Fn

]

=

[

1 1
1 0

] [

Fn

Fn−1

]

for n ≥ 1.

[

Fn+1

Fn

]

=

[

1 1
1 0

]n [

F1

F0

]

=

[

1 1
1 0

]n [

1
0

]

.

Now λ1, λ2 are the roots of the polynomial x2 − x − 1 here.

Hence λ1 = 1+
√

5
2 and λ2 = 1−

√

5
2 and

kn =

(

1+
√

5
2

)n−1
−

(

1−
√

5
2

)n−1

1+
√

5
2 −

(

1−
√

5
2

)

=

(

1+
√

5
2

)n−1
−

(

1−
√

5
2

)n−1

√
5

.

Hence

An = knA − λ1λ2kn−1I2

= knA + kn−1I2

So
[

Fn+1

Fn

]

= (knA + kn−1I2)

[

1
0

]

= kn

[

1
1

]

+ kn−1

[

1
0

]

=

[

kn + kn−1

kn

]

.

Hence

Fn = kn =

(

1+
√

5
2

)n−1
−

(

1−
√

5
2

)n−1

√
5

.

10. From Question 5, we know that

[

xn

yn

]

=

[

1 r

1 1

]n [

a

b

]

.
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Now by Question 7, with A =

[

1 r

1 1

]

,

An = knA − λ1λ2kn−1I2

= knA − (1 − r)kn−1I2,

where λ1 = 1 +
√

r and λ2 = 1 − √
r are the roots of the polynomial

x2 − 2x + (1 − r) and

kn =
λn

1 − λn
2

2
√

r
.

Hence
[

xn

yn

]

= (knA − (1 − r)kn−1I2)

[

a

b

]

=

([

kn knr

kn kn

]

−
[

(1 − r)kn−1 0
0 (1 − r)kn−1

]) [

a

b

]

=

[

kn − (1 − r)kn−1 knr

kn kn − (1 − r)kn−1

] [

a

b

]

=

[

a(kn − (1 − r)kn−1) + bknr

akn + b(kn − (1 − r)kn−1)

]

.

Hence, in view of the fact that

kn

kn−1
=

λn
1 − λn

2

λn−1
1 − λn−1

2

=
λn

1 (1 − {λ2

λ1
}n)

λn−1
1 (1 − {λ2

λ1
}n−1)

→ λ1, as n → ∞,

we have
[

xn

yn

]

=
a(kn − (1 − r)kn−1) + bknr

akn + b(kn − (1 − r)kn−1)

=
a( kn

kn−1
− (1 − r)) + b kn

kn−1
r

a kn

kn−1
+ b( kn

kn−1
− (1 − r))

→ a(λ1 − (1 − r)) + bλ1r

aλ1 + b(λ1 − (1 − r))

=
a(
√

r + r) + b(1 +
√

r)r

a(1 +
√

r) + b(
√

r + r)

=

√
r{a(1 +

√
r) + b(1 +

√
r)
√

r}
a(1 +

√
r) + b(

√
r + r)

=
√

r.
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