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SECTION 1.6

~ [0 0 0 2 40 . 120]
2‘(1){2 4 o]RlHRQ{o 0 O]Rl_ﬁRl[o 0 0}’
[0 1 3 1 2 4 10 -2
(“)[1 2 4]R1HR2[0 1 3]R1_’R1_2R2[0 1 3];
B R B N Sy T I
i) |1 1 0 e Ru— R 0 0 -1
100 3 S N SRS R |
Ri — R+ R3 1 0 0 1 00
Ry——Ry |0 1 fia =Mt s g 1o |
Ry < Ry 00 -1 ° > Lo o1
2.0 0 100
)| 00 o0 R3R_’ if;le 00 0]
—4 0 0 T2 00 0
1 1 1 2 1 1 1 2]
3.0 | 2 3 -1 8 %:%:le 0 1 -3 4
1 -1 -1 -8 3 T lo 2 —2 —10
(10 4 -2 10 4 2]
51:514:2};2 01 -3 4 |Ry—=ZR3|0 1 -3 4
3 2100 -8 —2 00 1 1]
R — R1 — 4R3 3(1)8_1_3
Ry — Ro + 3R3 _0 0 1 4%

The augmented matrix has been converted to reduced row—echelon form

and we read off the unique solution x = —3, y:%, z:i.
1 1 -1 2 10 1 1 -1 2 10
| 3 -1 7 4 1 ?:giggl 0 —4 10 -2 -29
-5 3 —15 -6 9] B Yo 8 —20 4 59

1 1 -1 2 10
Rs — R3+2Ry | 0 —4 10 -2 -29
0 0 0 0 1

From the last matrix we see that the original system is inconsistent.



3 -1 7 0 1 -1 1 1
2 -1 4 1 2 —1 4 1
2 2
O T R P O
6 —4 10 3 6 —4 10 3
_ =1
mﬁm—%lé 1§:§ Ry — Ri+ Ry égg;é
R3—>R3—3R1 2 R4_’R4_R3 2
Ry — Ry — 6R, 0 2 4 -3 Rs — Ry — 2R, 000 O
4 0 2 4 -3 000 0
The augmented matrix has been converted to reduced row—echelon form
and we read off the complete solution z = —% -3z, y = —% — 2z, with z
arbitrary.
2 -1 3 a 2 -1 3 a
4. 3 1 -5 b R2—>R2—R1 1 2 -8 b—a
-5 -5 21 ¢ -5 -5 21 c
1 2 -8 b—a 1 2 -8 b—a
Ri—Ry| 2 -1 3 ?:?ig 0 -5 19 —2b+3a
-5 -5 21 3 3 Y10 5 —-19 5b—5a+c
1 2 =8 b—a
Rs — Rs 1+ Ry 0o 1 =19 2b—3a
i § 5 5
e T R
_ bt
10 2
Ri—Ri—2Ry | 0 1 =22 2b—3a

1S

5

5
0 0 0 3b—2a+c

From the last matrix we see that the original system is inconsistent if
3b—2a+c#0. If 3b — 2a + ¢ = 0, the system is consistent and the solution

xr =

where 2z is arbitrary.

1 11
d. t 1t
1+t 2 3
1
R3s — R3 — Ry 0
0

(b+a) 2 ~ (2b—3a)
5 5°YT ;5
1
Ry — Ry — tR; 01
R3—>R3—(1—|—t)R1
01
1 1
1-—t 0 = B.
0 2—t

Case 1. t # 2. No solution.

19
—z,
)
1
-t 0
t 2—t



1 1 01
Case2. t=2.B=1|0 —1 O 010
00 0

0
We read off the unique solutlon =1,
6. Method 1.
-3 1 1 1 Ri — Ry — Ry -4 0 0 4
1 -3 1 1 0 —4 0 4
Ry — Ry — Ry
1 1 -3 1 e Ru— R 0 0 —4 4
1 1 1 -3 s 1 1 1 -3
100 -1 1 00 -1
01 0 -1 01 0 -1
I R R T A s R R N S R
111 -3 000 O

Hence the given homogeneous system has complete solution
T1 = T4, T2 = T4, T3 = X4,
with x4 arbitrary.

Method 2. Write the system as

r1+rotaz3+axg = 41
T1+xotaxz3+ax4g = 4dxo
r1+x2+ 23+ 24 = 4T3
1 +x9t+a3+x4 = 4duy.

Then it is immediate that any solution must satisfy 1 = z9 = z3 = x4.
Conversely, if x1, x2, x3, x4 satisfy x1 = zo = x3 = 14, We get a solution.

7.
A-3 1 1 A-3
[ 1 )\—3]R1HR2[A—3 1 ]

1 A3
R2—>R2—(>\—3)R1[0 _A2+6A_8}:B.

Case 1: —A2 +6) —8 # 0. That is —(\ —2)(A —4) # 0 or A # 2, 4. Here B is

1
row equivalent to [ 0 (1) ]:

1 Xx=-3 10

Hence we get the trivial solution z =0, y = 0.



Case 2: A = 2. Then B = (1) _(1)} and the solution is x = y, with y
arbitrary. ]
11 L .
Case 3: A = 4. Then B = 0 0] and the solution is x = —y, with y
arbitrary. ]
8.
3 11 1 1 IR S S
- 3 3 3
5 -1 1 _1}R1 - 3R1[5 -1 1 -1
1 1 1 1
R2 — R2_5R1|:0 % % g]
3 73 73
3 1111
e 3 3
wo [
1 10 to
ol

Hence the solution of the associated homogeneous system is

1 1
I = 4373, Ty = 4363 T4,
with z3 and x4 arbitrary.
9.
—1—71 1 1 R1—>R1—Rn —n 0 n
1 1—n 1 R2—>R2—Rn 0 —-Nn n
A= .
|1 1 1—n R, 1— R, 1—R, 1 1 1—n
[1 0 -1 10 - —1
o1 -+ -1 0o 1 - -1
- .. . Ry,—Ry,—Rp—1---— Ry
|11 1—n 0 0 0

The last matrix is in reduced row—echelon form.

Consequently the homogeneous system with coefficient matrix A has the
solution

Tl = Tp, TQ =Tp,...,Tpn—-1 = Tp,



with x,, arbitrary.
Alternatively, writing the system in the form

T+ +xTy = NI

r1+---+xy = N2

r1+---+xTy = NIy
shows that any solution must satisfy nx; = naxe = -+ = nx,, so r1 = x9 =
o« = x,. Conversely if x1 = z,,...,Tn_1 = T,, we see that z1,...,z, is a

solution.

10. Let A = [ CCL Z } and assume that ad — be # 0.

Case 1: a # 0.
b 12 1 @
LT I L Y

" 1 ¢t 10
R2_)adbcR2|:0 (i:|R1—>R1—§R2|:O 1:|

Case 2: a = 0. Then bc # 0 and hence ¢ # 0.
0 b c d 1 4 10
LR P R PR R ER Y

So in both cases, A has reduced row—echelon form equal to [ (1) (1) ] .

11. We simplify the augmented matrix of the system using row operations:

1 2 -3 4 Ry — Ry — 3R, 1 2 -3 4

3 -1 5 2 B — B — AR 0 -7 14 —-10

4 1 a®2—14 a+2 3 3 V6lo -7 a2-2 a—14
R3—Rs—Ry [1 2 =3 4 1o 1 2
Ry — =Ry 01 -2 0 Ri - R —2Ry | 0 1 =2 2
Ri— R —2R; | 0 0 ¢>—16 a—4 0 0 a>—16 a—4

Denote the last matrix by B.



Case 1: a® —16 #0. i.e. a # +4. Then

8a+25
oo | 000
Rl — Rl — R3 0 ]. 0 7(214)
Ry—=Ry+2Rs | 0 0 1 —
and we get the unique solution
8a + 25 10a + 54 1
= s = s Zz = .
7a+4) V" Ta+4) a+t4
10 1 %
Case2: a=—-4. Then B= | 0 1 -2 17 , SO our system is inconsistent.
00 0 -8
10 1 %
Case 3: a=4. Then B= | 0 1 -2 17 . We read off that the system is
00 0 O
consistent, with complete solution z = % -z, Y= 1—70 + 2z, where z is

arbitrary.

12. We reduce the augmented array of the system to reduced row—echelon
form:

1010 1 1010 1
0101 1 01011
11110 Bs7RstR g g
00110 00110

1010 1 1001 1
01 011 Ri — R1+ Ry 01011
Ry—Rs+Re | o g ¢ 0 Rs & Ry 00110
00110 00000

The last matrix is in reduced row—echelon form and we read off the solution
of the corresponding homogeneous system:

Tl = —T4—T5=2T4+T5

T3 —X4 — T = T4+ Ts

T3 = —T4= T4,



where x4 and x5 are arbitrary elements of Z,. Hence there are four solutions:

o»—nHoij
Or—tHOSz
HHOOQ&,
HI—‘OOE
—o Rk ol

13. (a) We reduce the augmented matrix to reduced row—echelon form:

21 3 4 1 3 4 2
4 1 4 1 Ry — 3Ry 4 1 4 1
31 20 3120
1 3 4 2 1 3 4 2
gtﬁfﬁ 0043 3| RomdRy |0 1 2 2
S 1020 4 020 4
B [L 03 1] p i, [100 ]
R3s — R3+ 3R> 0010 Ro — Ro + 3R3 0010
Consequently the system has the unique solution x =1, y =2, 2 = 0.

(b) Again we reduce the augmented matrix to reduced row—echelon form:

2 1 3 4 110
414 1| RRoRs |41 41
1103 2 1 3 4
1103 110 3
gtffg 02 44| Rh—3R, |0 1 2 2
3 3 V'10 4 3 3 0 4 3 3
Ri— R1+ 4Ry 1031
R; — Ry + R 0 122
3 3T 1000 0

We read off the complete solution

r = 1—-3z2=1+42z
= 2—-22=2+4 3z,

where z is an arbitrary element of Zs.



14. Suppose that (aq,...,a,) and (51,...,3,) are solutions of the system
of linear equations

n
Zai]mj =b, 1<i<m.
j=1

Then

n

Z aijaj = bz and iaijﬂj = bz

j=1 J=1
for 1 <i<m.
Let v; = (1 —t)a; +t6; for 1 <i < m. Then (y1,...,7,) is a solution of
the given system. For

doaiy = Y ag{(l -ty +16;}
j=1

j=1
n n
= D ay(l—ta;+ Y aith;
j=1 j=1
= (1 —1t)b; +tb;
= b.
15. Suppose that (aq,...,ay) is a solution of the system of linear equations
n
Zai]’l‘j = bi, 1 S 7 S m. (1)

j=1
Then the system can be rewritten as
n n
Zaijmj = Zaijaj, 1 < 1 < m,
=1 =1
or equivalently

n
Zaij(xj—aj)zo, 1§z§m
7j=1

So we have .

Zaijyjzo, 1§z§m

j=1
where z; — oj = y;. Hence z; = aj +yj, 1 < j < n, where (y1,...,yn) is
a solution of the associated homogeneous system. Conversely if (yi,...,Yn)



is a solution of the associated homogeneous system and z; = a; +y;, 1 <

j < n, then reversing the argument shows that (z1,...,x,) is a solution of
the system 1 .

16. We simplify the augmented matrix using row operations, working to-
wards row—echelon form:

11 -1 1 1 Ry — Ry — aliy 11 -1 1 1
a 1 1 1 b e Re— 3R 0 1—-a 14+a 1—a b—a
3 2 l1+a 3 3 Llo -1 3 a—3 a-—2

Ry o Ry 11 -1 1 1
R _R 0 1 -3 3—-a 2—a
2 210 1-a 1+a 1—a b—a
11 -1 1 1
R3—>R3+(CL—1)R2 01 -3 3—a 2—a
0 0 4-2a (1—a)(a—2) —a’+2a+b—2

Case 1: a # 2. Then 4 — 2a # 0 and

1 1 -1 1 1

B— 101 -3 3—a 2—a
-1 —a?+42a+b-2

00 1 % =g

Hence we can solve for x, y and z in terms of the arbitrary variable w.

Case 2: a = 2. Then
11 -1 1 1

B=]01 -3 1 0
00 00 b-2

Hence there is no solution if b # 2. However if b = 2, then

11 -1 11 10 2 01
B=]01 -310|—]01-3120
00 00O 00 000

and we get the solution x =1 — 22, y = 3z — w, where w is arbitrary.

17. (a) We first prove that 1 +1+ 1+ 1 = 0. Observe that the elements

140, 1+1, l+a, 1+b



are distinct elements of F' by virtue of the cancellation law for addition. For
this law states that 1+ =14y =x =y and hencez #y = 14+x # 1+y.

Hence the above four elements are just the elements 0, 1, a, b in some
order. Consequently
(14+0)+(1+1)+(1+a)+(14+bd) = 0+1+a+b
I+14+14+1)+0O0+14a+b) = 0+0+1+a+b),
so 1+ 1414 1=0 after cancellation.

Now 1+1+1+1=(1+1)(1+1), so we have 2% = 0, where z = 1 + 1.
Hence x =0. Thena+a=a(l+1)=a-0=0.

Next a + b = 1. For a + b must be one of 0, 1, a, b. Clearly we can’t
have a +b = a or b; also if a +b = 0, then a + b = a + a and hence b = q;
hence a +b = 1. Then

a+l=a+(a+b)=(a+a)+b=0+b=0.

Similarly b + 1 = a. Consequently the addition table for F' is

4+ 0 1 a b
010|1]al|b
1[1(0|b]|al
ala|b|0]1
b|bla|1]|0

We now find the multiplication table. First, ab must be one of 1, a, b;
however we can’t have ab = a or b, so this leaves ab = 1.

Next a? = b. For a® must be one of 1, a, b; however a
a = 1; also

’=1=2d’-1=0=(a—1(a+1)=0=>(a—1)°’=0=a=1;

2—g=a=0o0r

hence a? = b. Similarly b2 = a. Consequently the multiplication table for F
is

x 0 1 a b
0[0]0]0|0O
1/0|1]al|b|
a|0la|b]|1l
b{O0O|b|1l]|a

(b) We use the addition and multiplication tables for F':

Ry — Ry +aRy
R3s — Rs+ Ry

— o Q

b
b
1

SIS

1
0
0

> O Q
L L o
O Q2

[ 1
A= a
_1

10



1 a b a
R2<—>R3 0O b a O 221222
0 0 a a | 3 3
1 0 a a
RioRi+aR, |0 1 b o fr—Tatals
00 1 1 Ry — Ry + bR3

The last matrix is in reduced row—echelon form.

11



Section 2.4

a b
2. Suppose B= | ¢ d | and that AB = I,. Then
e f
a b
[ 101} . d 10} [—a—i—e b+ f
10 e f 0 1 c+e d+f
Hence
—a+e=1 —-b+f=0
c+e=0 " d+f=1"
e=a+1 f=b )
c=—e=—(a+1) " d=1—f=1-b"
a b
B=| —a—-1 1-%
a+1 b
Next,

(BA)?B = (BA)(BA)B = B(AB)(AB) = BI,I, = BI, = B

4. Let p,, denote the statement

An = B0 gy BB

Then p; asserts that A = @A + @IQ, which is true. So let n > 1 and
assume p,. Then from (1),

At A.An:A{(32—1)A+(3—23 )12}2(32_1)1424—(3_23 ) A

_ @y gy) 4 G 4 - @IDBEIY g B0y

. (4 .3n_ 3n) A + (3 3n+1)1_2
n+1 n+1
= Bl g e

Hence py,+1 is true and the induction proceeds.

5. The equation x,1 = axy, + bx,—1 is seen to be equivalent to

RN

12



or

Xp = Aanla
where X,, = [ x;“ ] and A = [ Cll 8 ] Then
n
X, =A"X,

if n > 1. Hence by Question 3,
Tn+1 (3" - 1) (3 — 3”) T
= A I

- {520 ST =
B (3" =12+ 257 (3" —1)(-3) [ﬂ

3"—1 3—-3"
2 2

Hence, equating the (2,1) elements gives

n_1 __an
xn:(g 5 )$1+(3 23 )xo ifn>1

7. Note: A1 + Ao =a+d and A\ A = ad — be.
Then

O+ Aolin — Adaknot = O+ )N+ A 2hg 4+ A2+ X3
—/\1>\2(/\7f_2 + )\711_3)\2 NS /\1)\721—3 + /\721—2)

= AP+ AT A+ AT
AT A+ M)
AP e 4+ AT

= AN HANTIA A MAT A = Ey

If A1 = A, we see

kn, = )\?_1 + /\711_2)\2 4+t )\1)\721—2 + )\3—1
= )\?_l + )\?_2)\1 4+t )\1)\711—2 + )\711—1

_ n—1
= nAj

13



If A1 # A2, we see that

(A= X)kn, = (M1 — )\2)()\?_1 + )\711_2)\2 4+t )\1)\3—2 + )\g—l)
= A AT Dot AN
SO g AT D)
= AT -5

AT AR

Hence k,, = SYE

We have to prove
An = knA - )\1)\2]{,‘77,_1]2. *

n=1:

Al = A; also k1A — MAokolys = k1A — M0l
= A

Let n > 1 and assume equation % holds. Then

AL = A" A = (kpA— Mok, 11)A

Now A? = (a+ d)A — (ad — bc)Iy = (A + A2)A — A\ Aalo. Hence

Antl En(A1 + X2)A — M Aaly — Mdok, 1A

= {kn(A1 +X2) = MA2kn_1}A — Mok, o
= kpr1A — Mok, 1o,

and the induction goes through.

8. Here A1, \g are the roots of the polynomial 22 — 2z — 3 = (z — 3)(z + 1).
So we can take Ay = 3, Ao = —1. Then

S e 4
Hence
an = [BHCUTIL Ly [ET 0N
= w{}l 2%3%3”1;1(1)’%[21 0}
4 2 1 1 01l



which is equivalent to the stated result.

9. In terms of matrices, we have

=[] [ ] e
ESEEHIREIG

Now A1, Ag are the roots of the polynomial 22 — 2 — 1 here.
Hence A\ = # and Ay = % and

() ()

kn =

1+2\/5 _ (1—2\/5)
n—1 n—1
() (%)
B Vb
Hence
A" = k,A— Mok, _11>
= k‘nA'f‘knflIZ
So
F, 1
[ le] = (knA+kn_1IQ){0}
1 1 . kn + kn—1
o1 fema 5] =[5
Hence . .
145\ (1=vB\"T
()

10. From Question 5, we know that
Tn | | 1 7 "Ta
yn | |1 1 b |-

15



Now by Question 7, with A = { 1 I } ,

A" = kpA— Mi)oknp11p
= knA — (1 — T)kn_lfg,

where \y = 14 /r and Ay = 1 — /r are the roots of the polynomial
2?2 =22+ (1 —7) and
AP — A

kn, =
27

Hence

A= =kt | § ]

e W L s D
k

" (11; S o — (1kirr)kn1 ] [ b ]

alky — (1 —r)kp—1) + bkpr ]
akp +b(ky — (1 —1)kp_1) |~

¥
|
|

Hence, in view of the fact that

S I P (S P 1))
knot APTT AR — {2

— A1, asn — oo,

we have

[ Tn ] a(ky, — (1 = r)ky—1) + bkypr
aky, + b(kn, — (1 —1r)kp—_1)
a(kf’i —(1—=7))+ b%r
gt + b — (1-7)
()\1 (1 — 7")) b)\lr
ari +b(A —(1—1))
a(y/r+7r)+b(1+/1)r
a(l+/r)+b(/r+7)
Vri{a(l+r) +b(1 + Vr)y/r}
a(l1+ /1) +b(y/r +7)
s

16



Section 2.7

1 4|10 1 4 10
L [Auﬂ_[—?, 1 ‘ 0 1} fty = Hp 431 [0 13 ' 3 1]
14 1 0 1 0| 1/13 —4/13
1 _
Bz = 13R2[0 1 ’ 3/13 1/13} B~ 4R [o 1 ‘ 3/13  1/13 ]
. . _ 1/13 —4/13
. 1_
Hence A is non—singular and A [ 313 1/13 } .
Moreover
Er12(—4)E2(1/13)E91(3)A = I,
S0
AT = Bio(—4)Fy(1/13) Ex (3).
Hence

A ={Ex(3)} {E2(1/13)} {E1a(—4)} " = E21(—3)Ea(13) E12(4).

2. Let D = [d;;] be an m x m diagonal matrix and let A = [a;] be an m xn
matrix. Then .
(DA)y, = Z dijajr = diaik,
j=1
as d;j = 0 if ¢ # j. It follows that the ith row of DA is obtained by
multiplying the ¢th row of A by d;;.

Similarly, post-multiplication of a matrix by a diagonal matrix D results
in a matrix whose columns are those of A, multiplied by the respective
diagonal elements of D.

In particular,

diag (a1, ..., ay)diag (by,...,b,) = diag (a1by, ..., anby),

as the left-hand side can be regarded as pre-multiplication of the matrix
diag (b1, ...,by) by the diagonal matrix diag (a1,...,a,).

Finally, suppose that each of aq,...,a, is non—zero. Then afl, o ant
all exist and we have

diag (a1, . ..,an)diag (a7',...,a,") = diag(aia?,..., ana,")
= diag(1,...,1) =1I,.
Hence diag (a1, . . ., a,) is non-singular and its inverse is diag (a7 ’,...,a;").

17



Next suppose that a; = 0. Then diag (a1,...,a,) is row—equivalent to a
matix containing a zero row and is hence singular.

002|100 126 010
3.[Al=]1 2 6| 0 1 0| Ri<Ry [ 0O 0O 2 1 0 O
3791001 379001
1 2 6 0 10 1 2 6 0 1
Ry —R3—3R; [0 0 21 00| Roe=R3 |0 1 -9 0 =3
01 -90 =31 00 21 0
1 2 6 0 10 1 0 24 0
Ry —3sR3 | 01 -9 0 3 1| -Mi—=R—-2R, |0 1 -9 0
00 1 1/2 00 00 1 1/2
Ry — Ry — 24Rs 1 0 0 —-12 7T =2
Ry — Ry + 9R; 010 9/2 -3 1
2 001 1/2 0 0
—12 7T =2
Hence A is non-singular and A=t = | 9/2 -3 1
/2 0 0
Also
E53(9)E13(—24)E12(—2)E3(1/2) Eag E31(—3) E12A = 3.
Hence
A_l = E23(9)E13(—24)E12(—2)E3(1/2)E23E31(—3)E12,
S0
A = E12FE31(3)E23 E3(2) E12(2) Eq3(24) E23(—9).
4.
1 2k 1 2 k 1 2 k
A=|3 -1 1|—=|0 -7 1-3k|—-|0 -7 1-3k |=0B.
5 3 =5 0 -7 —5-5k 0 0 —6-2k

Hence if —6 — 2k # 0, i.e. if k # —3, we see that B can be reduced to I3
and hence A is non—singular.

1 2 -3
If k=-3,then B=| 0 —7 10 | = B and consequently A is singu-
0 0 O

lar, as it is row—equivalent to a matrix containing a zero row.

18



5. FE2(2) [ _; _i } = [ (1) g } Hence, as in the previous question,

270, . 1

_o _y | issingular.

6. Starting from the equation A% — 24 + 131, = 0, we deduce
A(A —215) = =131, = (A — 215) A.

Hence AB = BA = I, where B = 73 (A — 2I5). Consequently A is non-
singular and A~ = B.

7. We assume the equation A% = 342 — 34 + I3.

(i) A' = APA=(342-3A+L)A=34%-3424+A
= 3(34%2 —3A+1I3) —3A%2 + A =6A% —8A + 3Is.

(iii) A3 —3A2 +3A = I3. Hence
A(A% —3A 4 313) = I3 = (A® — 3A + 313) A.
Hence A is non—singular and

A7l = A2 _3A 43I,

-1 -3 1
= 2 4 -1
0 1 0

8. (i) If B3 =0 then

(I, - B)(I,+ B+ B? = I,(I,+ B+ B?) — B(I, + B + B?)
= (I,+B+B% —(B+B?+B?%
= I,-B’=1,-0=1,.

Similarly (I, + B + B%)(I,, — B) = I,,.

Hence A = I,, — B is non-singular and A~! = I,, + B + B2
It follows that the system AX = b has the unique solution

X=A"'%=(I,+ B+ B*b=b+ Bb+ B%.

19



0 r s 0 0 rt
(ii)Let B=|0 0 t |.ThenB?= |0 0 0 | and B3 =0. Hence
000 00 0
from the preceding question
(I3—B)™' = I3+ B+ B?

1.0 0 0 r s 0 0 rt

= 01 0(4+]0O0¢t]|+]00 0
|0 0 1 00 0 0 0
(1 r s+t

= 0 1 t
| 0 0 1

9. (i) Suppose that A% = 0. Then if A~! exists, we deduce that A~1(AA) =
A~'0, which gives A = 0 and this is a contradiction, as the zero matrix is
singular. We conclude that A does not have an inverse.

(ii). Suppose that A? = A and that A~! exists. Then

A7H(AA) = A2 A,

which gives A = I,,. Equivalently, if A2 = A and A # I,,, then A does not
have an inverse.

10. The system of linear equations

r+y—z =
z = b
2r4+y+22 = ¢

is equivalent to the matrix equation AX = B, where

1 1 -1 T a
A=10 0 11, X=|y |, B=
2 1 2 z

By Question 7, A~! exists and hence the system has the unique solution

-1 -3 1 a —a—3b+c
X = 2 4 -1 b | =] 2a+4b—c
0 1 0 c b

Hencex = —a—3b+c, y=2a+4b—c, z=0.
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1
1
e

11
0 0
01
1110

1
1
1

10 0 0
0100
0 010
0 001

) [
Hence A is non—singular and

— - O O

— O

— o O -

™ = o~

, S0 A is singular.

— - O O

S — - O

— - O O

— O —H O

Ry — Ry + Ry

— - O

S - — O

— - O -

— O~

(b) A=

14.

|

1/2
1/2
~1/2

0
1
10

0
0

0
0
1

0
1
1

1
0
0

|

1
213

R3 —
Ry — Ry — R3

Ry — Ry + Rs

Ry < R3
0 1/2
1 1/2

0
0

0
0

0
1

0

R3 — R3 — Ry

Hence A1 exists and

] |

0 1/2
1 1/2

0
-1

0
1

-1

AT =

S —H O
— O A
_
S O
— O A
O — A
— O O
N
S
223
| &K
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= 11
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I 1
S O -
S - O
— O O
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aN O
A —H O
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— O

(el [

OOﬂ

o ™ =
— O

— O
o O

O - O

QN — O O
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™

R —

5e) 2]
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Ry — R1 — R3

Hence A1 exists and

Hence A is singular b

<

~N O O
S O =

00
10
01

R2—+%R2
R3 — gRg

virtue of the zero row.

46
00 1
00 1]

Ry — iR
Ry — =Ry
Rg — 7R3

[ 1
0
| O

Hence A™! exists and A~ = diag (1/2, —1/5, 1/7).

(Of course this was also immediate from Question 2.)

()

o O O
OO =N
O = N
DO O
o O O
O O = O
O = O O

Ry — Ry — 2R3

Ry — Ry — 3Ry

Ry — Ry + 2Ry

R3 — R3 — Ry
Ry — 3Ry

Hence A1 exists and

ATl =

_ o O O

o O O

o O O

o O O

Ry — Ry — 2Ry
00 61
10 —4]0
01 20
00 2|0
00 0] 1 —2
1000 1
010[0 0
00 1|0 0
-2 0 -3
1 -2 2
0o 1 -1
0 0 1/2
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O = O

o O O = = o O

O = N O

o O = O

R3s — R3 — IRy

1/2

= o O O
O = NN O

=N W

—
~
\]

S O

0
~1/5

NN OO
o O o

o O O

0

1/7

S O~ N

S = W

O = O O

_ o O O



(f)

12 3 1 2 3 1 2 3
45 6 22:22:‘5121 0 -3 6| Ry—R3—Ry | 0 -3 —6
5 7 9] P Lo -3 -6 0 0 0

Hence A is singular by virtue of the zero row.

15. Suppose that A is non—singular. Then
AA™ =1, =471A.
Taking transposes throughout gives

(AA—l)t —_ It —_ (A—IA)t

(A—l)tAt = I, = At(A_l)t,
so Al is non-singular and (A?)~! = (A71)L

a b

16. Let A = [ . d } , where ad — bc = 0. Then the equation

A? —(a+d)A + (ad — bc)I, =0

reduces to A% — (a + d)A = 0 and hence A? = (a + d)A. From the last
equation, if A~! exists, we deduce that A = (a + d)I3, or

a b| |a+d 0
cd| | 0 a+d]|’

Hencea =a+d, b=0, c=0,d=a+dand a =b = c =d = 0, which
contradicts the assumption that A is non—singular.

17.
1 a b 1 a b
A=| —a 1 ¢ Zi:gﬁizgi 0 1+a®> c+ab
b —c 1 0 ab—c 14102
1 a b
Ry — 1+%Rz 0 1 fi—gg
0 ab—c 1+
1 a b
Ry— Ry —(ab—c)Ry | 0 1 ctab
0 0 14052+ abicrad)
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Now

_ 2 _ (b2
o (¢ —ab)(c+ ab) e (ab)
1+ a? 1+a?
1+ a?+ b+
= T # 0.

Hence B can be reduced to I3 using four more row operations and conse-
quently A is non-singular.

18. The proposition is clearly true when n = 1. So let n > 1 and assume
(P~'AP)" = P~1A"P. Then

(P7tAP)"l = (P7lAP)"(P7'AP)
(P1A"P)(PT'AP)
PlAv (PP HAP
PIAMTAP
Pl1(A"A)P
= plamtlp

and the induction goes through.

1 2/3 1/4 - 1 3 1] 4 =3
19.LetA—[1/3 3/4]andP—{_1 4].ThenP =714 11

5/12 0

We then verify that P~ AP = [ } . Then from the previous ques-

0 1
tion,
PlAnP:(PlAP)n:P/Om g]":{@/g}zw 0 ] :[<5/(1)z>" (1)]
Hence
an - P'(5/12)" 0] 1 _ 1 3 (5/12)» 0]1[4 -3
_1_ (50/12)n1jp4[31 4“ 0 1]7[1 1]
7] —(512)" 4“1 1}
_ L] 4(5/12)"+3  (=3)(5/12)" + ]
71 —4(5/12)"+4  3(5/12)" +
S PR




Notice that A™ — % [ i i as n — o0o. This problem is a special case of

a more general result about Markov matrices.

a b
20. LetA—[c d

} be a matrix whose elements are non-negative real

numbers satisfying

a>0,b>0,¢>0,d>0, a+c=1=b+d.

Also let P = [ IC) _1 } and suppose that A # Is.

(i) det P = —-b—c= —(b+¢). Now b+ ¢ > 0. Also if b+ ¢ = 0, then we
would have b = ¢ = 0 and hence d = a = 1, resulting in A = I5. Hence
det P < 0 and P is non-singular.

Next,
-1 [ -1 -1 a b b 1
1 _
PAP_b+c_—c b][c d][c —1}
-1 —-a-c -b—d b 1
N b+c| —ac+bc —cb+bd c —1
S B -1 b1
"~ b+c| —ac+bc —cb+bd c —1
-1 —b—c 0
~ btec| (mac+be)b+ (—cb+bd)c —ac+bec+chb—bd |’
Now
—ach +b*c—cb+bde = —cb(a+ c¢)+ be(b+ d)
= —cb+0bc=0.
Also
—(a+d—-1)b+¢c) = —ab—ac—db—dc+b+c
—ac+b(1 —a)+c(1—d)—bd
= —ac+ bc+ cb—bd.
Hence
B 1 [ —(b+e) 0 10
IAp _ _
P Ap_b—l—c 0 —(a+d—1)(b+c)}_[0 a—i—d—l]
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(ii) We next prove that if we impose the extra restriction that A # [

01
1 0}

then |a +d — 1| < 1. This will then have the following consequence:

A = P

A" = P

b+c |
[ —b
b+c|
(b b
b+c |

-1

1

0 1
a+d—1}P

0 "
a—i—d—l} P

(a+£—D”]P1

)
16 o)5vel
=

b 0
—b
—C

c 0

-1 -1
—c b

—C

c C

where we have used the fact that (a +d —1)" — 0 as n — co.

We first prove the inequality |a +d — 1| < 1:

at+d—1 <

1+4d—-1=d<1

a+d—-1 > 04+40-1=-1.

Next, ifa+d—1=1, we have a+d = 2; so a =1 = d and hence ¢ = 0 = b,
contradicting our assumption that A # I,. Also if a+d —1 = —1, then

a+d:0;soazOzdandhencec:1:bandhenceA:[

01
1 0|

22. The system is inconsistent: We work towards reducing the augmented

matrix:

1 2
11
3 5| 12

R3 — Ry — Iy

wenn [)2]
Ry—Ry—=3Ri | o _ |,
1
0 -1
0 —
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The last row reveals inconsistency.
The system in matrix form is AX = B, where

1 2 4
35 y 12

The normal equations are given by the matrix equation

A'AX = A'B.
Now

(1 2

11 3 11 18

2 15 3 5 18 30
[ 4

11 3 45

AtB:[ ] 5 :[ }
2 15 12 73

Hence the normal equations are

11z +18y = 45

18z + 30y = 73.
These may be solved, for example, by Cramer’s rule:
45 18
73 30 36
11 18 6
18 30
11 45
18 73 -7

11 18 6 -
18 30

23. Substituting the coordinates of the five points into the parabola equation
gives the following equations:
a =0
a+b+c = 0
a4+ 2b+ 4c
a+3b+9c
a+4b+ 16c =

I
|
—_
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The associated normal equations are given by

5 10 30 a 11
10 30 100 b | =1 42 |,
30 100 354 c 160

which have the solution a = 1/5, b= -2, ¢ = 1.
24. Suppose that A is symmetric, i.e. A' = A and that AB is defined. Then

(B'AB)! = B'AY(B")' = B'AB,
so B'AB is also symmetric.

25. Let A be m x n and B be n x m, where m > n. Then the homogeneous
system BX = 0 has a non-trivial solution Xy, as the number of unknowns
is greater than the number of equations. Then

(AB)X, = A(BXg) = A0 =0

and the m x m matrix AB is therefore singular, as X # 0.

26. (i) Let B be a singular n x n matrix. Then BX = 0 for some non—zero
column vector X. Then (AB)X = A(BX) = A0 = 0 and hence AB is also
singular.

(ii) Suppose A is a singular n x n matrix. Then A? is also singular and
hence by (i) so is B!A* = (AB)!. Consequently AB is also singular
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Section 3.6

1. (a) Let S be the set of vectors [z, y] satisfying © = 2y. Then S is a vector
subspace of R?. For

(i) [0, 0] € S as © = 2y holds with x = 0 and y = 0.

(ii) S is closed under addition. For let [z1, y1] and [z2, y2] belong to S.
Then 1 = 2y; and z9 = 2y». Hence

1+ x2 = 2y1 + 2y2 = 2(y1 + y2)
and hence

[T1 + 72, y1 + yo] = [z1, y1] + [72, ¥2]
belongs to S.

(iii) S is closed under scalar multiplication. For let [z, y] € S and ¢ € R.
Then x = 2y and hence tz = 2(ty). Consequently

[tz, ty] = t[x, y] € S.

(b) Let S be the set of vectors [z, y| satisfying x = 2y and 2z = y. Then S is
a subspace of R%. This can be proved in the same way as (a), or alternatively
we see that = 2y and 22 = y imply « = 42 and hence x = 0 = y. Hence
S = {[0, 0]}, the set consisting of the zero vector. This is always a subspace.

(c) Let S be the set of vectors [z, y] satisfying z = 2y + 1. Then S doesn’t
contain the zero vector and consequently fails to be a vector subspace.

(d) Let S be the set of vectors [z, y] satisfying xy = 0. Then S is not
closed under addition of vectors. For example [1, 0] € S and [0, 1] € S, but
1,0]+ [0, 1] = [1, 1] ¢ 5.

(e) Let S be the set of vectors [z, y] satisfying x > 0 and y > 0. Then S is
not closed under scalar multiplication. For example [1, 0] € S and —1 € R,
but (—1)[1, 0] = [-1, 0] € S.

2. Let X, Y, Z be vectors in R". Then by Lemma 3.2.1
(X+Y, X+2Z, Y+2Z)C(X,Y, Z),

aseach of X +Y, X + 7, Y + Z is a linear combination of X, Y, Z.
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Also

1 1 1
1 1 1
-1 1 1
Z = 7(X+Y)+§(X+Z)—I—§(Y+Z),
SO
(X, Y, 2) C(X+Y, X+2Z Y+ 2).
Hence
(X, Y, Z2)=(X+Y, X+Z Y+ 2).
1 0 1
0 1 1 Sy
3. Let X1 = NE Xy = 1 and X3 = e We have to decide if
2 2 3

X1, X9, X3 are linearly independent, that is if the equation X + yXs +
zX3 = 0 has only the trivial solution. This equation is equivalent to the
folowing homogeneous system

r+0y+z =
Ox+y+z =
r+y+z =
2042y + 3z =

o o o o

We reduce the coefficient matrix to reduced row—echelon form:

101 100
011 010
—

111 0 01
2 2 3 0 00

and consequently the system has only the trivial solution x =0, y =0, z =
0. Hence the given vectors are linearly independent.

4. The vectors

A ~1 —1
Xi=| 1], Xo=| M|, Xs=| -1
—1 —1 A
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are linearly dependent for precisely those values of A for which the equation
X1+ yXo+2X3 = 0 has a non—trivial solution. This equation is equivalent
to the system of homogeneous equations

A—y—z =
—x+ Ay —z =
—x—y+iz = 0.

Now the coefficient determinant of this system is

A -1 -1
-1 A —1|(=AX+1)2*0N-2).
-1 -1

So the values of A which make X7, X5, X3 linearly independent are those A
satisfying A # —1 and X\ # 2.

5. Let A be the following matrix of rationals:

1 1 2 0 1
2 2 5 0 3
A= O 0 0 1 3
8 11 19 0 11
Then A has reduced row—echelon form

1 0 00 -1

0100 O

B= 0 01 0 1

0O 00 1 3

From B we read off the following:

(a) The rows of B form a basis for R(A). (Consequently the rows of A
also form a basis for R(A).)

(b) The first four columns of A form a basis for C'(A).

(c¢) To find a basis for N(A), we solve AX = 0 and equivalently BX = 0.
From B we see that the solution is

r1 = X5

Tro9 = 0

r3 = —T5
T4 = —31’5,
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with x5 arbitrary. Then

Is 1
0 0
X = —X5 = Iy -1 s
—3:65 -3
T5 1

so [1, 0, —1, —3, 1] is a basis for N(A).

6. In Section 1.6, problem 12, we found that the matrix

1 01 01
01 011
A= 1 1110
00110
has reduced row—echelon form
1 00 1 1
01 0 11
B= 00110
00 0 00

From B we read off the following:
(a) The three non—zero rows of B form a basis for R(A).
(b) The first three columns of A form a basis for C'(A).

(¢) To find a basis for N(A), we solve AX = 0 and equivalently BX = 0.
From B we see that the solution is

Tl = —T4—T5=2T4+T5
Tg = —T4—T5=2T4+Ts
T3 = —T4 = T4,

with x4 and x5 arbitrary elements of Zo. Hence

T4+ T35 1 1

T4+ X5 1 1

X = T4 =x4| 1 | +|[0
T4 1 0

I5 0 1

Hence [1, 1, 1, 1, 0] and [1, 1, 0, 0, 1] form a basis for N(A).
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7. Let A be the following matrix over Zs:

11 2 01 3

21 4 0 3 2

A= 000130
| 3 0 2 4 3 2|
We find that A has reduced row—echelon form B:
1 0 0 0 2 4]

01 00 4 4

B= 001 00O

100 01 30

From B we read off the following:

(a) The four rows of B form a basis for R(A). (Consequently the rows of
A also form a basis for R(A).

(b) The first four columns of A form a basis for C'(A).

(c) To find a basis for N(A), we solve AX = 0 and equivalently BX = 0.
From B we see that the solution is

r1 = —2x5—4xg = 3x5+ x4
To = —4dxs—4xg=1T5+ X6
z3 = 0

x4 = —3x5=2xs5,

where x5 and x¢ are arbitrary elements of Zs. Hence

3

+x6

_ o O O = =

O = N O =

so [3,1,0,2,1,0]" and [1, 1, 0, 0, 0, 1]* form a basis for R(A).

8. Let F'={0, 1, a, b} be a field and let A be the following matrix over F:

A=

— Q
— o Q
— o o
SIS
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In Section 1.6, problem 17, we found that A had reduced row—echelon form

B =

S O =
O = O
— o O
_ o O

From B we read off the following:

(a) The rows of B form a basis for R(A). (Consequently the rows of A
also form a basis for R(A).

(b) The first three columns of A form a basis for C'(A).

(c) To find a basis for N(A), we solve AX = 0 and equivalently BX = 0.
From B we see that the solution is

1 = 0
Tro9 = —b.CC4 = ba;4
T3 = —X4= Xy,

where x4 is an arbitrary element of F'. Hence

X:$4

_ = o O

so [0, b, 1, 1]* is a basis for N(A).

9. Suppose that Xi,...,X,, form a basis for a subspace S. We have to

prove that
—X17X1+X27"’7X1+"'+Xm

also form a basis for S.
First we prove the independence of the family: Suppose

$1X1—i—xQ(Xl—|—X2)+"'+£Um(X1+"'+Xm):0.

Then
(371—|-x2—|—”-+117m)X1+"'+$me:0.

Then the linear independence of X1, ..., X,, gives

Ty +xo+ - +xy,m=0,...,2, =0,
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form which we deduce that 1 =0,...,z,, = 0.
Secondly we have to prove that every vector of S is expressible as a linear
combination of X1, X1 + Xo,..., X1+ -+ X,,. Suppose X € S. Then

X=a1Xi+ 4+ anXmnm.
We have to find z1,...,x, such that

X = mXi+x(Xi+Xo)+ 4 an(Xi+ -+ Xn)
= (z14a2+ -+ T) X1+ + T X

Then
a1 Xy + -t am Xy = (1 22+ 2) Xg T X
So if we can solve the system
1 +To+ -+ Ty =A1,...,Tm = O,

we are finished. Clearly these equations have the unique solution

Ty =0a1 —az, ..., Tm-1 = am — Am—-1, Tm = Qm-
a b c : . .
10. Let A = [ 111 ] If [a, b, ¢] is a multiple of [1, 1, 1], (that is,

a=b=c), then rank A = 1. For if
la, b, ¢ =t[1, 1, 1],
then
R(A) = ([a, b, o], [L, 1, 1]) = (¢[1, 1, 1], [1, 1, 1]) = ([1, 1, 1]),

so [1, 1, 1] is a basis for R(A).

However if [a, b, c] is not a multiple of [1, 1, 1], (that is at least two
of a, b, ¢ are distinct), then the left—to-right test shows that [a, b, ¢] and
[1, 1, 1] are linearly independent and hence form a basis for R(A). Conse-
quently rank A = 2 in this case.

11. Let S be a subspace of F™ with dimS = m. Also suppose that
X1,...,Xm are vectors in S such that S = (Xi,...,X,,). We have to
prove that Xi,...,X,, form a basis for S; in other words, we must prove
that X,..., X, are linearly independent.
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However if X1,...,X,, were linearly dependent, then one of these vec-
tors would be a linear combination of the remaining vectors. Consequently
S would be spanned by m — 1 vectors. But there exist a family of m lin-
early independent vectors in S. Then by Theorem 3.3.2, we would have the
contradiction m < m — 1.

12. Let [z, y, 2]' € S. Then z + 2y + 3z = 0. Hence z = —2y — 3z and

x —2y — 3z —2 -3
y | = Yy =y 1L ]+=z 0
z z 0 1

Hence [—2, 1, 0] and [-3, 0, 1]* form a basis for S.

Next (=1) +2(=1) +3(1) =0, so [-1, —1, 1]t € S.

To find a basis for S which includes [—1, —1, 1], we note that [-2, 1, 0]*
is not a multiple of [—1, —1, 1]¢. Hence we have found a linearly independent
family of two vectors in S, a subspace of dimension equal to 2. Consequently
these two vectors form a basis for S.

13. Without loss of generality, suppose that X; = X5. Then we have the
non—trivial dependency relation:

1X, —|—(—1)X2+0X3+"'+0Xm = 0.

14. (a) Suppose that X,,1; is a linear combination of X1,..., X,,. Then
<X17 s 7Xm7 Xm+1> = <X1a s 7Xm>

and hence
dim <X1, e ,Xm, Xm+1> = dim <X1, e ,Xm>

(b) Suppose that X,, 11 is not a linear combination of X1,...,X,,. If not
all of X1,...,X,, are zero, there will be a subfamily X,,,..., X, which is
a basis for (X1,...,X,).

Then as X,,+1 is not a linear combination of X, ..., X,,, it follows that
Xeyyo oy Xe,, X4 are linearly independent. Also

(X1, ooy Xy Xn1) = (Xeys o Xy, Ximg1)-
Consequently

dim<X1,...,Xm, Xm+1>:T+1:dim<X1,...,Xm>—|-1.
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Our result can be rephrased in a form suitable for the second part of the
problem:
dim <X1, ce 7Xm7 Xm+1> = dim <X1, ce 7Xm>

if and only if X,,11 is a linear combination of Xi,..., X;,.
If X =[z1,...,2,)", then AX = B is equivalent to
B=x1Ag+ -+ 2.

So AX = B is soluble for X if and only if B is a linear combination of the
columns of A, that is B € C'(A). However by the first part of this question,
B € C(A) if and only if dim C([A|B]) = dim C(A), that is, rank [A|B] =
rank A.

15. Let aq,...,a, be elements of F, not all zero. Let S denote the set of
vectors [x1,. .., %]t where x1, ..., z, satisfy

a1z1 + - +apzy, =0.

Then S = N(A), where A is the row matrix [aj,...,a,]. Now rank A =1
as A # 0. So by the “rank + nullity” theorem, noting that the number of
columns of A equals n, we have

dim N(A) = nullity (A) =n —rank A =n — 1.

16. (a) (Proof of Lemma 3.2.1) Suppose that each of X1,..., X, is a linear
combination of Y7,...,Y,. Then

s

Now let X = >""_; x;X; be a linear combination of X1,...,X,. Then

X = zi(anYr+ -+ asYs)

+
+ xr(arlyi +---+ ars}/s)
= Y1+ +ysYs,
where y; = a1;21+- - -+a,jr,. Hence X is a linear combination of Y1,...,Y,.

Another way of stating Lemma 3.2.1 is

(X1,..., X)) € (N1, Y, (1)
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if each of X1,..., X, is a linear combination of Y7,...,Ys.

(b) (Proof of Theorem 3.2.1) Suppose that each of X1,..., X, is a linear
combination of Y7, ..., Y, and that each of Y1,..., Y} is a linear combination
of X1,...,X,. Then by (a) equation (1) above

<X17'-->XT'> - <Y17"'7YYS>

and
(Y1,...,Ys) C(Xq,..., X,).

Hence
<X17"'7X7"> = <lea7YTS>

(c) (Proof of Corollary 3.2.1) Suppose that each of Z1,...,Z; is a linear
combination of X1,...,X,. Then each of X1,...,X,, Z1,...,Z; is a linear
combination of X1,..., X,.

Also each of X1, ..., X, is a linear combination of X1, ..., X,, Z1,..., Z,
so by Theorem 3.2.1

(X1, Xy Z1, o 20 = (X1, X

(d) (Proof of Theorem 3.3.2) Let Yi,...,Ys be vectors in (Xy,...,X,)
and assume that s > r. We have to prove that Yi,... Y, are linearly
dependent. So we consider the equation

Y1+ +2Ys =0.
Now Y, = Z§:1 a;; X, for 1 <i <s. Hence
Y14+ xYs = zi(anXi+--+a, X))
+
+ mr(alel +-- asrXr)-
= X1+ +uX, (1)
where y; = ay;71 + - - - + as;75. However the homogeneous system
un :O’ Tty yT':O

has a non—trivial solution x1,...,zs, as s > r and from (1), this results in a
non—trivial solution of the equation

r1Y1 4+ 2sYs = 0.
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Hence Y71, ...,Y; are linearly dependent.

17. Let R and S be subspaces of F", with R C .S. We first prove
dim R < dim S.

Let X1,..., X, be abasis for R. Now by Theorem 3.5.2, because X1, ..., X,
form a linearly independent family lying in .S, this family can be extended
to a basis X1,...,X,,..., X for S. Then

dimS =s>r =dimR.

Next suppose that dim R = dim S. Let X1,..., X, be a basis for R. Then
because Xi,..., X, form a linearly independent family in S and S is a sub-
space whose dimension is r, it follows from Theorem 3.4.3 that Xy,..., X,
form a basis for S. Then

S=(X1,....,X,)=R.

18. Suppose that R and S are subspaces of F” with the property that RUS
is also a subspace of F™. We have to prove that R C S or S C R. We argue
by contradiction: Suppose that R S and S € R. Then there exist vectors
u and v such that

vueRandu ¢S, veSandv¢R.

Consider the vector u+v. As we are assuming RU S is a subspace, RU S is
closed under addition. Hence u+v € RUS andso u+v € Roru+wv € 5.
However if u +v € R, then v = (u + v) — u € R, which is a contradiction;
similarly if u +v € S.

Hence we have derived a contradiction on the asumption that R Z S and
S ¢ R. Consequently at least one of these must be false. In other words
RCSorSCR.

19. Let Xq,..., X, be a basis for S.
(i) First let
Yi = anXq+--+a, X,

Y, = anXi+--+a Xy,
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where A = [a;;] is non-singular. Then the above system of equations can
be solved for Xi,..., X, in terms of Y7,...,Y,. Consequently by Theorem
3.2.1

(Y1,....Y,) =(X1,..., X)) = S.

It follows from problem 11 that Y7,...,Y, is a basis for S.

(ii) We show that all bases for S are given by equations 2. So suppose
that Yi,...,Y, forms a basis for S. Then because X1,..., X, form a basis
for S, we can express Y7,...,Y, in terms of Xi,..., X, as in 2, for some
matrix A = [a;;]. We show A is non-singular by demonstrating that the
linear independence of Y7,...,Y, implies that the rows of A are linearly
independent.

So assume

xl[an,...,alr]—|—~-—|—xr[arl,...,aw] :[O,...,O].

Then on equating components, we have

anxy+ - +amnz, = 0
arxy + -+ apery, = 0.
Hence
oY1+ +2Y, = si(anXi+--+a X))+ F (e X+ + 0 X))
= (anr1 + - +anz) Xy + -+ (apzy + o+ apeae) Xy
= 0X;+.--4+0X, =0.
Then the linear independence of Yi,...,Y, implies 1 =0,...,z, = 0.

(We mention that the last argument is reversible and provides an alter-
native proof of part (i).)
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Py

Py

Section 4.1

1. We first prove that the area of a triangle P, P Ps, where the points
are in anti—clockwise orientation, is given by the formula

A J

Referring to the above diagram, we have
Area PiP,P; = AreaOP Py + AreaOPy,P3 — Area OP P
1 1 1
2 2

T T2
yr Y2

T2 T3
Y2 Y3

T3 T
Ys Wi

Tr1 X2
Yy Y2

T I3
Y2 Y3

r1 T3
Yy Y3

- )

2

which gives the desired formula.

We now turn to the area of a quadrilateral. One possible configuration
occurs when the quadrilateral is convex as in figure (a) below. The interior
diagonal breaks the quadrilateral into two triangles Py P, P; and Py P3P;.
Then

Area Py P, P3Py = Area P PoP3 + Area Py P3P,

{ }

Tl T2
Yy Y2

T2 T3
Y2 Y3

r3 I
Yys %

N =
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P4 P3

P
P,
(a) (b) 1
P1 Pl
P2 P2
+1{ Ir1 I3 Tr3 X4 Ty T }
2 v w3 Y3 Y4 Y4 Y1
_ 1{ T1 T2 To XT3 T3 T4 T4 T }
2w w Y2 Y3 Yz  Ya ya Y1 |J’

after cancellation.

Another possible configuration for the quadrilateral occurs when it is not
convex, as in figure (b). The interior diagonal PP, then gives two triangles
PP, Py and P, P3P, and we can proceed similarly as before.

2.
a+zr b4+y c+z a b c T Y z
A=|lz4+u y+v z4+w |=|2x2+u y+v z4+w |+l x2+u y+v z4w
u+a v+b wHec u+a v+b w+Hec u+a v+b wHec
Now
a b c a b c a b c
r+u y+v z4+w | = T Y z + U v w
u+a v+b w+Hec ut+a v+b wHc u+a v+b wHc
a b ¢ a b c a b c a b ¢
= Ty z |+|x Yy +|lu v w U vow
U v W a b U v w a b ¢
a b ¢
= xT Yy z
U v w
Similarly
x Y z T Yy =z T Yy z a b c
z4+u y+v z4+w |=|u v =—|la b c|=|2 y =z
u+a v+b w+Hec a b ¢ U v ow U v w
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a b c
Hence A=2| 2 y =z
U vow
n? n+1)2 (n+2)?2| C3— C3—Cy n? 2n+1 2n+3
3.l (n+1)2 (n+2)? n+3)?%]| Co—Co—C1 | (n+1)? 2n+3 2n+5
(n+2)? (n+3)2 (n+4)?2 = (n+2)% 2n+5 2n+7
n*  2n+4+1 2
C3_>C_j3_02 (n+1)2 2n+3 2
N (n+2)? 2n+5 2
Rs — R3 — Ry n? 2n+1 2
Ry — Ry — Ry 2n+1 2 0| =-8.
= 2n+3 2 0
4. (a)
246 427 327 246 100 327 246 1 327
1014 543 443 | =| 1014 100 443 | =100| 1014 1 443
—342 721 621 —342 100 621 —-342 1 621
246 1 327
= 100| 768 0 116 | = 100(—1)‘ _;gz ;;Z ‘ = —29400000.
—588 0 294
(b)
1 2 3 4 1 2 3 4
-2 1 -4 3] 1|0 5 2 1
3 -4 -1 2| [0 —-10 =10 -10
4 3 -2 -1 0 -5 —-14 -17
5 2 1 5 2 11
= | —-10 —-10 —-10 |=-10| 1 1 1
-5 =14 17 -5 —14 -17
5 -3 6 3 6
= —-10 1 O 0 |=-10(-1) 9 _19 = 900.
-5 -9 —12
1 0 =2 10 0 1 10
5.detA=|3 1 4|=]3 1 10 |= 9 7 = —13.
5 2 -3 5 2 7



Hence A is non—singular and

1 Cii Co C3
A7l = _—Bade =3 Ci2 Cy Cs
Ciz Oy Cs3
6. (i)

2a 2b b—c

2b 2a a-+c R1_>}_%1+R2
a+b a+b b o
2 2 1

= (a+b)| 2b 2a a+ec
a+b a+b b

2 1
—2(a+b)(a—b)'a+b b
(i)
b+ c b c O — Cy— O,
c cta a B
b a a+b o
c b 0
C3_>€3_Cl —a c¢+ta 2a
o b—a a 2a
c b 0
RS_)IES_RZ 2| —a c+a 1 |=-2a
o b —c 0

Cr— C1 —Cq

-11 -4 2
29 7 -10
1 -2 1

2a+2b 2b+2a b+a

2a a—+c

a-+b a-+b b

0 2 1

(a+b)| 2(b—a) 2a a+c

0 a—+b b

' = —2(a+b)(a—b)>

c b 0

—a c+a 1
b—a a 1

_l; = 2a(c? + b?).

7. Suppose that the curve y = ax? + bz + ¢ passes through the points
(xla y1)7 <x27 y2)7 (1'3, y3)7 where Ty 7é mj le 7é j Then

ax? 4+ bry +c
ax3 +bry+c¢ =
ax3 +brz+c =

The coefficient determinant is essentially a Vandermonde determinant:

2 om 1 3 23 2} 1 1
2

x5 w2 1l |=|x1 22 23 |=—| 21 T2
2 2
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Hence the coefficient determinant is non—zero and by Cramer’s rule, there
is a unique solution for a, b, c.

1 1 -1
8. Let A=detA=1|2 3 k |. Then
1 k 3
1 0 0
C3 — C3+ (4 ‘ 1 k:+2‘
A= 2 1 k+2 | =
Cy — Cy—C4 L k-1 4 k-1 4

= 4—(k—1)(k+2)=—(k*—k—6)=—(k+3)(k—2).

Hence det A = 0 if and only if £k = —3 or k = 2.
Consequently if & # —3 and k # 2, then det A # 0 and the given system

rT+y—z =
20 +3y+kz = 3
r+ky+3z =2

has a unique solution. We consider the cases k = —3 and k = 2 separately.
k=—
1 1 -1 1 1 1 -1
AM=|2 3 -3 3 ]2__’)%__251 0 1 -1
1 -3 3 2 L O I
11 -1 1
R3 — R3 + 4Ry 01 —1 11,
00 065
from which we read off inconsistency.
k=
1 1 -1 1 1 1 -1 1
AM=1]2 3 2 3 ];3:];2__2]51 01 41
12 32 S S IV RO |
1 0 =5 0
Rs — Rs — Ry 01 41
00 00
We read off the complete solution x = 5z, y = 1 — 4z, where z is arbitrary.
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Finally we have to determine the solution for which 2 + y? + 2? is least.

22y + 22 = (52)2 4+ (1—42)2+ 2% =422 - 82+ 1

We see that the least value of z2+y2+22 is 42x &3 = 13 and this occurs when

882 — 21

z = 2/21, with corresponding values z = 10/21 and y = 1 — 4 X % =13/21.

1 -2 b
9. Let A= | a 0 2 |Dbethe coefficient determinant of the given system.

5 20
Then expanding along column 2 gives

a 2 1 b
A = 2 5 0‘—2 2‘-—20—2(2—@())

= 2ab— 24 = 2(ab — 12).

Hence A = 0 if and only if ab = 12. Hence if ab # 12, the given system has
a unique solution.
If ab = 12 we must argue with care:

1 -2 b 3 1 2 b 3
AM = a 02 2| =10 2 2—ab 2—3a
L S 2 01 0 12 —5b —-14
(1 -2 b 3 1 -2 b 3
_5b _7 _5b —7
- (01 5 5 |—=|0 1 =5 F
L 0 2a 2-— ab 2 — 3a 0 0 125@6 6—32(1
1 -2 b 3
_ —5b -7 _
a ! ! 1z 6?211 =B
000 0 &

Hence if 6 — 2a # 0, i.e. a # 3, the system has no solution.
If @ = 3 (and hence b = 4), then

1 -2 4 3 1 0 —2/3 2/3
B=|0 1 3 FL|—-|l0o1 z
00 0 0 00 0 0
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Consequently the complete solution of the system is x = %—F%z, Y= %7—1- %z,
where z is arbitrary. Hence there are infinitely many solutions.

10.

11 2 1 | Ry—Ri—2R |1 1 2 1
A _ |12 3 4 | Rs—Ry—2R; [0 1 1 3
T |24 7 246| Re—Ro—Ry |0 2 3 2t+4
2 2 6-t ¢ = 00 2—t t—2
11 3 11 3
I R e R
0 2—¢t t—2 N 0 2—¢t t—2
1 2t—2 1 2t—2
= oy 1.5 ‘(t—Z)‘ 1 ‘(t—2)(2t—1)

Hence A =0 if and only if t =2 or t = % Consequently the given matrix
B is non—singular if and only if £ # 2 and t # %

11. Let A be a 3 x 3 matrix with det A £ 0. Then
(i)
AadjA = (detA)ls (1)
(det A)det (adjA) = det(det A-I3) = (det A)>.
Hence, as det A # 0, dividing out by det A in the last equation gives
det (adj A) = (det A)>.

(ii) . Also from equation (1)

1
= A) adjA=1
(detA > ad) 5

so adj A is non—singular and

1

i A = A.
(adj ) det A

Finally
A adj (A7) = (det A N3
and multiplying both sides of the last equation by A gives

1
= A.
det A

adj (A™1) = A(det A1) I3
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12. Let A be a real 3 x 3 matrix satisfying A*A = I3. Then

() A{A—I;) = A'A— Al =I3— A
—(A'=I3) = (A" - I5) = (A - Iy)".

Taking determinants of both sides then gives

det Aldet (A —1I3) = det(—(A—I3)")
det Adet (A—1I3) = (—1)*det(A— I3)*
= —det (A~ 1) (1).

(i) Also det AA' = det I3, so
det Aldet A =1 = (det A)2.

Hence det A = +1.
(iii) Suppose that det A = 1. Then equation (1) gives

det (A — I3) = — det (A — I3),

s0 (1 +1)det (A — I3) = 0 and hence det (A — I3) = 0.

13. Suppose that column 1 is a linear combination of the remaining columns:

Aui = 20A0 + -+ 2 An.

Then
T2a12 + -+ + TpGln Q12 -0 Alp
Toagy + -+ XTpaoy Q22 - G2p
det A = ]
T20n2 + - -+ TpQpn An2 - App

Now det A is unchanged in value if we perform the operation

Cl 4)01*1'202*“‘*33710”:
0 a2 -+ a
0 az -+ a2

det A= . . ) . =0.
0 an2 -+ apn
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Conversely, suppose that det A = 0. Then the homogeneous system AX =0
has a non-trivial solution X = [z1,...,2,]". So

1A + -+ xpAgn = 0.

Suppose for example that x1 # 0. Then

Agq = <_2> + .o+ <_ﬁ> A,
T T

and the first column of A is a linear combination of the remaining columns.

14. Consider the system

—2x4+3y—2z = 1
x4+2y—z = 4
—2r—y+z = -3
-2 3 -1 0 7 -3 7 _3
Let A = 1 2 -1 |=|1 2 -1 :—‘3 _1‘:—27&0.
-2 -1 1 0 3 -1

Hence the system has a unique solution which can be calculated using
Cramer’s rule:

A Ay _Ag
€T = A7 Y= A’ z= A’
where
1 3 —1
Ay = 4 2 -1 |=-4,
-3 -1 1
-2 1 -1
Ay = 1 4 -1 |= -6,
-2 -3 1
-2 3 1
Az = 1 2 4 |=-8
-2 -1 -3
Hencex::—g:zy::—g:i’),z::—g:

15. In Remark 4.0.4, take A = I,,. Then we deduce
(a) det Eij = —1;
(b) det E;(t) =t;
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(C) det Eij(t) =1.

Now suppose that B is a non—singular n x n matrix. Then we know that B
is a product of elementary row matrices:

B=E;---Ep,.
Consequently we have to prove that
det F1--- Ej,A=det By -+ By, det A.

We prove this by induction on m.
First the case m = 1. We have to prove det F1A = det By det A if Ey is
an elementary row matrix. This follows form Remark 4.0.4:

(a) det EjjA = —det A = det E;; det A;
(b) det E;(t)A = tdet A = det E;(t) det A;
(c) det E;(t)A = det A = det E;;(t) det A.

Let m > 1 and assume the proposition holds for products of m elementary
row matrices. Then

det By - EpEmi1A = det(Ey--- Ep)(Emt14)

det (Eq -+ Ep) det (Epi1A)
( )
(

det (E1--- Fp)det Epiqdet A
= det((Ey-- - Ep)Epny1)det A

and the induction goes through.

Hence det BA = det B det A if B is non-singular.

If B is singular, problem 26, Chapter 2.7 tells us that BA is also singlular.
However singular matrices have zero determinant, so

det B=0 detBA=0,

so the equation det BA = det B det A holds trivially in this case.
16.

a+b+c a+bd a a
a+b a+b+c a a
a a a+b+c a+b
a a a+b a+b+c
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Ry — R —Ry | ¢ —c 0 0
R2—>R2_R3 b b+c¢c —-b-—c b
Rs — R3 — Ry 0 0 c e
= a a CL—I—b CL—I—b—I—C
C 0 0 0
Co—Cy+Cr | b 2b+¢c —b—c b 2+c¢c —b—c b
=C 0 c —c
) . 2 : b 20 a+b a+b+c
a 2a a+b CL—i—b—i—c

2b+c¢c —-b—c¢ —2b—c¢

C3 — C3+ Oy 5| 2b+c —2b—c¢
= ¢ 0 ¢ 0 — ¢ 2a 2a +2b+c
- 2a a+b 2a+2b+c
= (20 +¢) L -1 = c2(2b+ ¢)(4a + 2b + ¢).
2a 2a+2b+c
1+ Ui Ul Uuq ul
1
17. Let A = 2 + U2 2 12 . Then using the operation
us us 1+ us us
Ug Ugq Ug 1+ uy
Ri — Ri+Ra+R3s+ Ry
we have
t t t t
u9 1+ (25 u9 (%)
A =
uz  uz  l+wus  ug
Uy Uy Uy 14+ uy

(where t = 1 + uy + ug + uz + uy)

1 1 1 1
_ upy 1+ wuo (%) U9
—(1+U1+U2+U3+U4) s us 1+ us us
Uy Uy Uy 1+ uy
The last determinant equals
1 0 00
Cr=Ce=Cil 10 0
Cs —=C3—Cp | 2 =1.
N ug 0 1 0
TR b, 0 001
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18. Suppose that Al =

—A, that A € My, xn(F), where n is odd. Then

det A* det(—A)
det A = (—1)"det A= —det A.

Hence (1 + 1)det A = 0 and consequently det A=0if 1 +1# 0 in F.

19.
1 111 Ci—Cy—Cg | 1 0 0 0
r 11 1] C3g—C3-Cy |r 1—71 0 0 —(1—7“)3
rr 11| Co—Co—=Ci |7 0 1—r 0 o
r r r 1 = T 0 0 1—r
20.
1 a2=bc a*| Ry = Ry— Ry | 1 a? — be a*
1 v»’—ca b* | Rg— R3—R; | 0 b>—ca—a®’+be b*—a
1 2—ab = 0 2—ab—a®+bc c*—at
B b2 —ca—a®+bec b*—at
Tl Z—ab—a?+be *t—at
|l =a)b+a)+ed—a) (b—a)b+a)®+a?)
~ |l (c—a)(c+a)+blc—a) (c—a)(c+a)(c?+a?)
_ (b—a)b+a+c) (b—a)b+a)(d®+a?)
(c—a)(ct+a+b) (c—a)(c+a)(c®+a?)
o B b+a+c (b+a)b®+a?
= (b-a)lc—a) cta+b (c+a)+a?
_ 1 (b+a)(*+a?)
= (b—a)(c—a)(a+b+c) 1 (et a)(c® +a?)
Finally

1
1

(b+

@) +a?)
(c+a)(c? +a?)

(® 4+ ac® + ca® + a®) — (b® + ab® + ba® + a®)

(A =) +a(® —b*) +a*(c—D)

(c —b)(c? + cb+ b% + alc +b) + d?)
= (c—b)(?+ cb+b*+ ac+ ab+ d?).
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Section 5.8

1.
(i) (=3414)(14 —2i) = (=3)(14 — 26) + (14 — 24)
= {(—3)14 — (=3)(24)} +i(14) — i(25)
= (=42 +6i) + (14i + 2) = —40 + 20i.
(ii)2+3i (24 30)(1 + 49)
1—4i (1 —4i)(1+40)
(24 30) + (2 + 3i)(44)
B 12 + 42
B —10+11z’_—10+Ei
B I T T
1+ 2i)2 1+ 44 + (2i)?
(iii)( + z') _ 1+ z+'( i)
1—1 1—2
 1+44i—4 344
B [
_ (—3+4i)(1+i)_—7+i__z+1i
B 2 o2 227
2. (i)
iz+(2-100)z2=32+2i & z2(i+2-10i—3)=2i
—2i
= —1—9i)=2i =
< z( i) =22 R
o =2(1-9i) —18-2i —-9—i
B 1+81 8 41
(ii) The coefficient determinant is
1+i 2—i| . . : N :
‘14—22’ 34 =(1+9)B+i)—2—-9)(1+2i)=-2+1i#0.

Hence Cramer’s rule applies: there is a unique solution given by

-3 2—1
242t 3+1 -3 —-11: .
z = - = — =—1+51
-2+ -2+
142 —31
1+2¢ 2421 —6+ T2 19 — 8¢
w e = = .
—2+1 —241 5
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. , 140)1% —1
14+ (1 e (1 99 _ (—
+ (1 +d)+ -+ (1+19) A+i)-1

(144)10—1

Now (1 +i)? = 2i. Hence
(1 + Z')lOO — (2Z)50 — 2502'50 — 250(_1)25 — _250'
Hence —i {(1+14)1% — 1} = —i(—250 — 1) = (250 + 1)i.
4. (i) Let 22 = —8 — 6i and write z=x-+iy, where x and y are real. Then

22 =2 —y? + 2zyi = —8 — 61,

so 22 —y?> = —8 and 2xy = —6. Hence

—3\2
y= —3/$, 332 - <—> = _8a

so 2% + 822 — 9 = 0. This is a quadratic in 2. Hence 2> = 1 or —9 and

consequently 22 = 1. Hence x = 1, y = —3 or x = —1 and y = 3. Hence
z=1—-3tor z=—-1+4 31.

(i) 22 — (3 +1i)z + 4+ 3i = 0 has the solutions z = (3 +1i & d)/2, where d is
any complex number satisfying

d?> = (3+i)* —4(4 + 3i) = —8 — 6i.

Hence by part (i) we can take d = 1 — 3i. Consequently

(13
p= O 2( 5 9 i o 140 Y

(i) The number lies in the first quadrant of 4

the complex plane. A : !

[44i] =42+ 12 = V17,

Also Arg (4 4 i) = «, where tana = 1/4
and 0 < o < 7/2. Hence o = tan ~1(1/4).
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(ii) The number lies in the third quadrant of Y
the complex plane.

=31

‘—B—i

! V10 3
2 2

Also Arg (=3-1) = —m + «, where tana =
3/3=1/3 and 0 < a < m/2. Hence a =

—1(1/3).
tan="(1/3) 142

(iii) The number lies in the second quadrant of Y
the complex plane.

| — 142 = /(-1)2 + 22 = V5.

Also Arg (—1+42i) = m—«, where tana =
2 and 0 < a < /2. Hence a = tan ~12.

vl L
+
o

(iv) The number lies in the second quadrant of Y
the complex plane.

y—1+z‘\/§\

- %x/— SVIT3=

Also Arg (5 + @2) = 7 — «, where
tana = 73/% =+V3and 0 < a < 7/2.
Hence a = /3.

6. (i) Let 2 = (1+4)(1 + v/3i)(v/3 —4). Then
lz| = |14l + V3i||vV3 -]
= VIR 124 (VB2 (VB + (-1)2
= V2Vi4Vi=4V2.

Argz = Arg(14i)+ Arg(1+V3) + Arg (V3 —14) (mod 27)
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Hence Argz = -% and the polar decomposition of z is

12
5% 5
2 =4V2 <COS— —|—zsm—7r>

12 12

(ii) Let z = % Then

A+DPI0=VBIP _ (V2’2 o

z| = =
. (V3 +i) 2!
Argz = Arg(1+44)° +Arg(1 —V3i)° — Arg (V3 +4)*  (mod 2n)
= 5Arg(1+41) 4 5Arg (1 — V/3i) — 4Arg (V3 + 1)
m - —137  1lxw
= 5- TT) T T
54 5 < 3 ) 6 12 12
Hence Argz = H—” and the polar decomposition of z is
11 11
z=27/? ((:081—27r +isin1—;> .

7. (i) Let z = 2(cos § +isin}) and w = 3(cos § +isin §). (Both of these
numbers are already in polar form.)
(a) zw = 6(cos (7 + §) +isin(F + §))
= 6(cos 2F + isin 27).

= 2(cos (X — Z) +isin (5 — %))

2(cos & + isin ).
(c) 2 = 3(cos (& — F) +isin (E — )

%(cos (13) +isin(53)).

(b)

SN

SHIS

(d) ;—5 = g—i(cos(%” — %“) —i—zsm(EZr — 26”))
%(COS 1112” + 3 sin 1112” ).

(a) (1+1i)%=2i, so
(1+0)'% = (20)% = 2%° = 64(4%) = 64(—1)> = —64.
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1 -1 1
= —73:—:—:—:—
S = i

8. (i) To solve the equation 2% = 1 + V/3i, we write 1 4+ /37 in modulus—

argument form:

1+V3i = 2(008% + isin g)

Then the solutions are

T +2k 42k
zk:\/§<cos<#>+isin<¥>>, k=0, 1.

Now k = 0 gives the solution

20 zx/ﬁ(cos%—i—isin%) = \/5(

| %

Clearly z1 = —2g.

4

(ii) To solve the equation z* = i, we write ¢ in modulus—argument form:

. T .. T
z:cos§+zsm—.

2

Then the solutions are

T+ 2k T+ 2k
zk:cos<¥>+isin<¥>, k=0,1,2, 3.

2

= TR e (T AT
ar = cos{ g 5 s s T

( 7T+,,7T>k( 7r+,,7r)
= — in — — in —
cos2 %S 2 cos8 tS 3

.k ™ R

= 17(cos — +78In —).

(cos < 3

Z+2km - ke
2 -_—
NOW COS ( 7 ) = COS (8 + ), SO
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Geometrically, the solutions lie equi—spaced on the unit circle at arguments

s 7r+7r 5% 7T+ 97 7r+371' 137
—_ —_ —_——= — —_ m = — —_ _— = —
8 8 2 87 8 8" 8 2 8
Also z9 = —zp and z3 = —27.
(iii) To solve the equation z® = —8i, we rewrite the equation as

(&) -

<z):17 —1++/3i —1—\/52"

Then
o 2 2

Hence z = —21, V3 +ior —3+i.
Geometrically, the solutions lie equi-spaced on the circle |z| = 2, at

arguments

oML I _om o 2w 3w
66 3 66 327

(iv) To solve z* = 2 — 2i, we write 2 — 2i in modulus-argument form:

9 — 9 = 23/2 <COS_TW +z’sin_%> .

Hence the solutions are

==+ 2k == + 2k
2k = 23/8 cos <447T> + i sin <447T>, k=0,1,2, 3.

We see the solutions can also be written as

. - .. T
zE = 23/8;k (cos — +1¢sin —)

16 16
= 923/8;k (COS 17r_6 — ¢sin %) .

Geometrically, the solutions lie equi-spaced on the circle |z| = 2%/8, at ar-
guments

-7 —-T 7 Tm -

T 157 —m T 237

16’16 2 1616 ‘216" 16 2 16

Also z9 = —zp and 23 = —2;1.
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24+1 —14+2 2 1 /) 1
1+i —1+i 1 = Bo=To )y
. . ) R3 — R3 — Ry X )
1420 —2417 142 /) —1 7
. 1 2 1 1 7 1
RQ;ng(ile)Rl 00 —i | Ro—iRy |0 0 1
3 T 00 0 000
1 2 0
R — R — Ry 0 01
0 0 O
The last matrix is in reduced row—echelon form.
10. (i) Let p=1+im and z = = + iy. Then
pz+pz = (I—im)(x+iy)+ (I +im)(z —iy)
= (lz + liy — imx + my) + (lz — liy + imz + my)

= 2(lz +my).
Hence pz 4+ pz = 2n < lx + my = n.

(ii) Let w be the complex number which results from reflecting the com-
plex number z in the line [x + my = n. Then because p is perpendicular to
the given line, we have

w—z=1p, teR. (a)

Also the midpoint wT‘*'z of the segment joining w and z lies on the given line,

ﬁ<w32>+p<ﬁ> = n,
(o) e

Taking conjugates of equation (a) gives

W—Z = tp. (c)

Then substituting in (b), using (a) and (c), gives

_ (2w —tp n 2Z+tp
=n
P P
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and hence
pw + pz =n.

(iii) Let p=b —a and n = |b|> — |a|?. Then

z—al=|z-b & |z—af*=]|z—0b
S (z-a)z—a) = (z-b)(z-D)
& (z—a)(z—a) (z—b)(Z—b)
& 2Z —azZ — za+ aa 2Z — bz — zb + bb
sb-a)z+(b—a)z b2 — |a|?
& pz+pz = n.

zZ—a

Suppose z lies on the circle z—b‘ and let w be the reflection of z in the

line pz + pz = n. Then by part (ii)
pw + pz =n.

Taking conjugates gives pw + pz = n and hence

(a)

Substituting for z in the circle equation, using (a) gives

n—pw

A= |2t _|nopwopa) (b)
nopw n — pw — pb
However
n—pa = |b?>—la*—(b—1a)a
= bb—aa— ba+aa
= b(b—a)=bp.

Similarly n — pb = ap. Consequently (b) simplifies to

b—
A= =
a —

gl &l

w—al’

Bp—pw B
ap — pw -

==

w—a
w—b

which gives ‘

>l

61



11. Let a and b be distinct complex numbers and 0 < a < .
(i) When z; lies on the circular arc shown, it subtends a constant angle
a. This angle is given by Arg(z; — a) — Arg(z; — b). However

Arg (zl — Z) = Arg(z; —a) — Arg(z — b) + 2km
Z1 —

= «a+ 2km.
It follows that k =0, as 0 < a < 7 and —7 < Argf < w. Hence
Arg (Zl — a) =aq.
Z1 — b
Similarly if z9 lies on the circular arc shown, then

zZ9 —Q
A = — = — _ fry —_ .
rg <22_b> 0% (r—a)=a-7

Replacing o by m — «, we deduce that if z4 lies on the circular arc shown,

then
Arg <Z4_a> =T —aq,
24— b

while if z3 lies on the circular arc shown, then

Arg <Z3 — a) = —a.
23— b

The straight line through a and b has the equation

z=(1—t)a+tbh,
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where t is real. Then 0 < ¢t < 1 describes the segment ab. Also

zZ—a t

2—b t—1

Hence Z= is real and negative if 2 is on the segment a, but is real and

positive if z is on the remaining part of the line, with corresponding values
zZ—a
Arg < ) =, 0,
z—b

(ii) Case (a) Suppose z1, z2 and z3 are not collinear. Then these points
determine a circle. Now z; and zo partition this circle into two arcs. If z3
and 2,4 lie on the same arc, then

Z3— 2 Z4— 2
Arg(3 1>:Arg(4 1);
zZ3 — 22 Z4 — 29
whereas if z3 and z4 lie on opposite arcs, then
z3— 2
Arg ( 3 1) =«
Z3 — 29
Z4— 2
Arg ( 1 1) =a—T.
zZ4 — R9
Hence in both cases

Arg (23_21/24_Zl> = Arg <23_21>—Arg <Z4_Zl> (mod 2m)
Z3 — 29 24 — 22 zZ3 — 29 Z4 — %9

= 0Oor .

respectively.

and

In other words, the cross—ratio

23 — 21 R4 — 21

R3 —R2 24 — k2
is real.
(b) If z1, 22 and z3 are collinear, then again the cross—ratio is real.
The argument is reversible.
(iii) Assume that A, B, C, D are distinct points such that the cross—ratio

23 — 21 24 — 21

23 — k9 Z4 — 22

is real. Now r cannot be 0 or 1. Then there are three cases:
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(i) 0<r<1;
(ii) r < 0;
(iii) 7 > 1.

Case (i). Here |r|+ |1 —7r| =1. So

+‘1_ <Z4—21 ‘23—22>‘ -1

Ry — %2 23—~
Multiplying both sides by the denominator |z4 — 23||z3 — 21| gives after
simplification

R4 — 21 k3 — %2

R4 — 22 R3—Z1

|24 — 2z1||23 — 22| + |22 — 21|24 — 23| = |24 — 22|23 — 21],

or

(a) AD.BC+AB-CD = BD - AC.
Case (ii). Here 1 + |r| = |1 — r|. This leads to the equation

(b) BD-AC + AD-BC+ = AB - CD.
Case (iii). Here 1 + |1 — 7| = |r|. This leads to the equation
(c) BD-AC+ AB-CD = AD - BC.

Conversely if (a), (b) or (c) hold, then we can reverse the argument to deduce
that r is a complex number satisfying one of the equations

rl=rl =1 =] 1= =)

from which we deduce that r is real.
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Section 6.3
4 -3

1. Let A= { 1 0 ] . Then A has characteristic equation A2 — 4\ +3 =0

or (A—3)(A—1) =0. Hence the eigenvalues of A are \; =3 and Ay = 1.
A1 = 3. The corresponding eigenvectors satisfy (A — A\112)X =0, or

=

or equivalently x — 3y = 0. Hence

3

and we take X = 1

Similarly for Ao = 1 we find the eigenvector X5 = [ 1 ]

31

Hence if P = [X;|X32] = [ 11

} , then P is non—singular and

30
-1 .
pan[10].
Hence

o [3 07,
a=rfs Ve

and consequently

no__ 3" 0 -1
w30
31 30 )1 1 —1
- 11 0O 1|2 -1 3
_ o 1p3mt g 1 -1
20 3 1 -1 3
_ 1 3n+1_1 _3n+1+3
2| 31 —3" 43
3n—1 3—3"
= A L.
2 Tt b
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2. Let A = [ g?g leg ] . Then we find that the eigenvalues are A\ = 1 and
A2 = —1/5, with corresponding eigenvectors

2 -1
X1:|:1:| and X2:|: 1:|
Then if P = [X]|X32], P is non-singular and

P‘lAP:[l 0 ] and A:P[l 0 ]P—l.

0 —1/5 0 —1/5
Hence
R T
Hp[ég]P—l
- [T 10 o5 2]
-5t
SURRE

3. The given system of differential equations is equivalent to X = AX,

where
3 -2 T
4[] wa x=[7)
. 2 11, . . .
The matrix P = 51|82 non-singular matrix of eigenvectors corre-

sponding to eigenvalues A\; = —2 and Ay = 1. Then

., [-20
par-[2 0]

The substitution X = PY, where Y = [z1, y1]?, gives

. [ -2 0
e
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or equivalently 1 = —2x; and 31 = 1.
Hence z1 = x1(0)e™2" and y; = y1(0)e’. To determine z1(0) and y1(0),
we note that

z1(0) | p-l z(0) | _ 1 1 -1 131 |3
y1(0) | y©0) | 3| -5 2 21 | 7|
Hence 21 = 3e~2 and y; = 7e!. Consequently

r=2x +1y =6e 2 +7 and y=>5x 4y =15e 2 4 Tel

4. Introducing the vector X,, = [ n ] , the system of recurrence relations

Yn
Tpt1 = 3Tp —Yn
Yn+tl = —Tp+ 3Yn,
3 -1
becomes X, +1 = AX,,, where A = { 1 3 } Hence X,, = A" X, where
1
Xp = 5

To find A™ we can use the eigenvalue method. We get
b QN AN QN _yn
- 9 QN _gn  9n + qn
Hence
[ 2” + 4" 1
— 4" 2” + 4” 2
[ 4n 4 2(2n — 4m)
| 27" =47 202" +47)
[3x 2" — (3 x 2 —4m)/2
3><2"+4n (3 x 2" +4)/2

N~ N~ N

Hence z, = 1(3 x 2" —4") and y, = 3(3 x 2" +4").

b . . .
5. Let A= CCL d ] be a real or complex matrix with distinct eigenvalues

A1, A2 and corresponding eigenvectors X1, Xs. Also let P = [X7|X5].

(a) The system of recurrence relations

Tny1 = arp + by,
Ynt1l = CTp +dyn
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has the solution
Tn, n| To A1 0 —1>n [ xo ]
= A = (P P
[ Yn ] { Yo } ( [ 0 A ] Yo
A0 T

- P 1 P—l |: 0 :|
[ U ] Yo

_ AT 0 o

- wabal |4 ][]

[X1|Xo] [ igg

B

(b) In matrix form, the system is X = AX, where X = [ Zj ] . We substitute

:| = )\?OtXl + )\gﬂXQ,

where

X = PY, where Y = [z1, 11]'. Then
X = PY = AX = A(PY),
SO

Y:(PlAP)Y:[/\Ol inﬂ

Hence 1 = A1x1 and 41 = A2y1. Then

z1 =21(0)eM" and  y; = y1(0)e".

o l=r 1o |

o = el = 15 ]

Consequently z1(0) = a and y;(0) = 8 and

i A1t
MR

ae™Mt X + B Xy,
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a b
6. Let A= [ e d
and X\ = a—1ib, with corresponding eigenvectors X = U+iV and X = U—iV,
where U and V are real vectors. Also let P be the real matrix defined by
P = [U|V]. Finally let a + ib = re®, where r > 0 and 0 is real.

] be a real matrix with non—real eigenvalues A = a + ib

(a) As X is an eigenvector corresponding to the eigenvalue A\, we have AX =
AX and hence

AU +iV) = (a+ib)(U+iV)
AU +iAV = aU — bV +i(bU + aV).

Equating real and imaginary parts then gives
AU = aU-bV
AV = bU +aV.

(b)

AP = A[U|V] = [AU|AV] = [aU—bV [bU+aV] = [U|V] [ = 2 } = P{ ?

Hence, as P can be shown to be non—singular,

plap—| @0
—b a |’

(The fact that P is non—singular is easily proved by showing the columns of
P are linearly independent: Assume xU + yV = 0, where x and y are real.
Then we find

(x+iy)(U—=iV) + (z —iy)(U +1iV) = 0.

Consequently x+iy = 0 as U —iV and U+iV are eigenvectors corresponding
to distinct eigenvalues a — ib and a + @b and are hence linearly independent.
Hence x =0 and y = 0.)

(c¢) The system of recurrence relations

Tpy1 = aTp+ by,

Yn+1 = anJden
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has solution
-]
Yn Yo
. a b " -1
- e[

T
Y

_ P[ r cosf rsin@]
—rsinf rcosf

]

0

[5]
p

W[ cos® sind 1" [

= b [—sin& Cosﬁ] [ﬂ]

cosnf sinnd } [ «o ]

—sinnf cosnf I}

acosnb + Bsinnd }

= UV [

—asinnf + § cosnb
= 7" {(acosnb + Bsinnh)U + (—asinnd + Bcosnh)V'}
= 1" {(cosnb)(alU + V) + (sinnh)(BU — aV)}.

= UV [

(d) The system of differential equations

@ b
a T
d

d—i = cx+dy

is attacked using the substitution X = PY, where Y = [x1, 11]*. Then

Y = (P 'AP)Y,

HEERH

Equating components gives

SO

1 = azr1+ b
yl = —b$1+ay1.

Now let z = x1 + ty;. Then
=21+ = (axl + byl) + i(—b:(;l + ayl)
= (a—1ib)(x1 +iy1) = (a —ib)z.
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Hence
z = z(O)e(“*ib)t
w1 +iy1 = (21(0) +iy1(0))e™(cos bt — isinbt).
Equating real and imaginary parts gives

r1 = e {x1(0)cosbt + y1(0)sin bt}
y1 = e {y1(0)cosbt — x1(0)sinbt} .

Now if we define o and [ by

=l ]

we see that o = x1(0) and 8 = y1(0). Then

MR
Y B Y1
B e (o cos bt + B3sin bt)
= [OWV] [ e (B3 cos bt — asin bt) ]
= e"{(acosbt + Bsinbt)U + (B cosbt — asin bt)V'}
= e"{cosbt(aU + BV) +sinbt(BU — aV)}.

7. (The case of repeated eigenvalues.) Let A = [ Z Z ] and suppose that

the characteristic polynomial of A, A2 — (a +d)\ + (ad — bc), has a repeated
root . Also assume that A # als.

(i)
M —(a+dM+(ad—be) = (A—a)?
A2 — 20\ + o,
Hence a + d = 2« and ad — be = o2 and
(a+d)? = 4(ad—bc),
a?+2ad+d®> = 4ad— 4be,

a® —2ad + d?> + 4bc = 0,
(a —d)? +4bc = 0.
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(ii) Let B — A — aly. Then

B?=(A—-al)? = A%2-2aA+ d?I,
A? — (a+ d)A + (ad — be) Iy,

But by problem 3, chapter 2.4, A? — (a + d)A + (ad — bc)Iz = 0, so
B?=0.

(iii) Now suppose that B # 0. Then BE; # 0 or BE, # 0, as BE; is the
i—th column of B. Hence BXs # 0, where Xo = Ey or Xo = Es.

(iv) Let X; = BXy and P = [X;|X32]. We prove P is non-singular by
demonstrating that X; and X are linearly independent.
Assume X1 + yXo = 0. Then

tBXo+yXo = 0

B(xBX2+yX2) = B0=0
tB?’Xy +yBXy, = 0
20X9+yBXe = 0
yBXy, = 0.

Hence y = 0 as BX5 # 0. Hence xtBX2 = 0 and so x = 0.
Finally, BX1; = B(BX3) = B?X3 =0, so (A — al3)X; =0 and

AX1 = aXl. (2)
Also
X1 = BXQ = (A - a[2)X2 = AXQ - Ong.
Hence
AXo = X1 + aXs. (3)
Then, using (2) and (3), we have
AP = A[X1|Xs] = [AX1]|AXY]
= [aX1|X1 + OzXQ]
a 1
= [X1|X2] [ 0 a ]
Hence
a 1
ar=r|o 1]
and hence
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plap—| @ 1
0 ol

8. The system of differential equations is equivalent to the single matrix

equation X = AX, where A = [ j _é ]

The characteristic polynomial of A is A2 — 12X + 36 = (A — 6)2, so we
can use the previous question with o = 6. Let

B:A-%:[_Z _;]

4 0
P = [X1]|X3], we have

ThenBng[_z];é[0],ifX2:[é].AlsoletXlzBXg. Then if
14p |61
P AP_[O 6 |-

I

Now make the change of variables X = PY, where ¥ = [ ] . Then

L [6 1
Y =(P AP)Y_[O G]Y,

or equivalently 1 = 6x1 4+ y1 and y; = 6y1.
Solving for y; gives y; = y1(0)e. Consequently

41 = 61 + y1(0)e®.
Multiplying both side of this equation by e~5 gives
d, _ —6t _
%(e Or1) = e %% —6e %z = 41(0)
e Oz = y(0)t+c,
where c is a constant. Substituting ¢ = 0 gives ¢ = x1(0). Hence

e %z = y1(0)t 4 21(0)

and hence
21 = " (y1(0)t + 21(0)).
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However, since we are assuming z(0) =1
o] = [

1 0 —1 1

" [ —4 -2 ] [ 1

Hence 21 = €% (3t + 1) and y; = 3e5.
Finally, solving for z and y,

M

Hence x = €5 (1 — 3t) and y = €% (6t + 1).

9. Let

1/2 1/2
1/4 1/4
1/4 1/4

A:

0
1/2
1/2

y(0), we have

E

}:

(a) We first determine the characteristic polynomial ch4(\).

B

A—1/2 —1/2 0
cha(\) = det(Mz—A)=| —1/4 A—1/4 —1/2
—1/4  —1/4 A—1/2
= (A-2)| T T s T T
= ) 0D 0) s fs 0
()3

|

)_

1

8

|



5A 1
— 2_ 74z
= a(e-2a)

— AA=1) (A—i).

(b) Hence the characteristic polynomial has no repeated roots and we can
use Theorem 6.2.2 to find a non—singular matrix P such that
1
) Z)
We take P = [X;|X2|X3], where X1, X2, X3 are eigenvectors corresponding

to the respective eigenvalues 1, 0, %.
Finding X;: We have to solve (A — I3)X = 0. we have

P1AP = diag(1, 0

~-1/2  1/2 0 10 -1
A-I=| 1/4 =3/4 1/2|—=]0 1 -1
/4 1/4 —1/2 00 0

Hence the eigenspace consists of vectors X = [z, y, z|* satisfying r = 2 and
y = z, with z arbitrary. Hence

z 1
X = =z 1
z 1

and we can take X1 = [1, 1, 1]°.
Finding Xo2: We solve AX = 0. We have

1/2 1/2 0 1 10
A=|1/4 1/4 1/2 | —- |0 0 1
1/4 1/4 1/2 0 00
Hence the eigenspace consists of vectors X = [z, y, z|' satisfying = —y

and z = 0, with y arbitrary. Hence

—y 1

X = y | =vy 1

0 0

and we can take Xy = [—1, 1, 0]".
Finding X3: We solve (A — 1I5)X = 0. We have

1/4 1/2 0 10 2
A= lz=11/4 0 1/2 =101 -1
1/4 1/4 1/4 00 0
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Hence the eigenspace consists of vectors X = [z, y, z|' satisfying + = —22

and y = z, with z arbitrary. Hence

—2z -2
0 0
and we can take X3 = [-2, 1, 1]
1 -1 -2
Hence we can take P = | 1 1 1
1 0 1
(c) A = Pdiag(1, 0, 1)P~! so A" = Pdiag(1, 0, )P~
Hence
1 -1 -2 1o o7, 11
A" = |1 1 1 0.0 0 |2
1 0 1 00 4 -1 -1
r 2
(10— 1 1 1
10 & -1 -1 2
r 2 2 4
) 1+? 1+? 1—4;
B B
Ll 1z 1+4
TREER! ) 2 2 —4
= g| !l i+gm| -t -1 2
111 ' -1 -1 2
10. Let
5 2 -2
A= 2 5 -2
-2 -2 5

(a) We first determine the characteristic polynomial ch ().

2
cha(\) = | -2 A—5 2
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A—5 =2 4

C3—-C3—-Cy = (A=3)| =2 A=5 —A+7
0 1 0
A—=5 4
A=y gy
—A=3){(A=5)(=A+T7)+8}
—~(A=3) (=A% + 51+ T\ —35+8)
—(A=3)
—(A=3)

(

>/
OO

(—
= —(A=3)(=A\?+12)\—-27)
= —(A=3)(-1)A=3)(A-9)
= (A=3)(A-9).

We have to find bases for each of the eigenspaces N(A—913) and N(A—3I3).
First we solve (A — 3I3)X = 0. We have

2 2 =2 11 -1
A =313 = 2 2 -2|—-=(100 0
-2 =2 2 00 O
Hence the eigenspace consists of vectors X = [z, y, 2] satisfying x = —y+2z,
with y and z arbitrary. Hence
—y+z -1 1
z 0 1
so X1 = [-1,1,0]" and X5 = [1, 0, 1]* form a basis for the eigenspace
corresponding to the eigenvalue 3.
Next we solve (A — 9I3)X = 0. We have
-4 2 =2 1 01
A—9]3= 2 4 -2 | —-|011
-2 -2 -4 0 00
Hence the eigenspace consists of vectors X = [z, y, z|' satisfying z = —2
and y = —z, with z arbitrary. Hence
—Zz —1
X=|—-2|=2z| -1
z 1
and we can take X3 = [—1, —1, 1]* as a basis for the eigenspace correspond-

ing to the eigenvalue 9.
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Then Theorem 6.2.3 assures us that P = [X]X2|X3] is non-singular and

PlAP =

S O W

0
3
0

o O O
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19 |
145
} X
ot S oS i X1
9 4.5 1459 135
1-45 |
1o

Figure 1: (a): 22 — 8 + 8y + 8 = 0; (b): v — 122 +2y+25=0

Section 7.3

1. (i) 22 —8x+8y+8 = (z—4)2+8(y—1). So the equation 72 —8x+8y+8 =0
becomes
2} +8y1 =0 (1)

if we make a translation of axes x —4 =x1, y — 1 = y1.
However equation (1) can be written as a standard form

which represents a parabola with vertex at (4, 1). (See Figure 1(a).)

(i) y?2 — 120+ 2y + 25 = (y +1)2 — 12(z — 2). Hence y? — 122+ 2y +25 =0
becomes
Y — 122, =0 (2)

if we make a translation of axes x — 2 =x1, y+ 1 =y.
However equation (2) can be written as a standard form

y% = 12z,

which represents a parabola with vertex at (2, —1). (See Figure 1(b).)

2. day — 3y? = X'AX, where A = [g _3] and X = [z] The
ecigenvalues of A are the roots of \> + 3\ — 4 = 0, namely \; = —4 and

Ay =1.
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The eigenvectors corresponding to an eigenvalue A\ are the non—zero vec-

tors [z, y]! satisfying
0-Xx 2 2] [0
2 —=3-A y | |0

A1 = —4 gives equations
dr +2y =
2r+y =
which has the solution y = —2x. Hence

T | T 1
y | | =2z | -2 |
A corresponding unit eigenvector is [1/v/5, —2/v/5]".

Ao = 1 gives equations

—r+2y = 0
20 —4y = 0

which has the solution z = 2y. Hence

HEHEIHE

A corresponding unit eigenvector is [2/v/5, 1/v/5]*.

Hence if ) )
r=[% F
V5 V5

then P is an orthogonal matrix. Also as det P = 1, P is a proper orthogonal
matrix and the equation
M
Y Y1

represents a rotation to new x1, y; axes whose positive directions are given
by the respective columns of P. Also

-4 0
t —
pap-[ 40,
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Then X!AX = —42? + y? and the original equation 4zy — 3y? = 8 becomes
—422 + y? = 8, or the standard form

2 2

—21 Y

_ —:1
5 + 3 ,

which represents an hyperbola.
The asymptotes assist in drawing the curve. They are given by the
equations

.2 2
%—I—%ZO, or 1y = £2x;.
Now
MR EE It
Y1 Yy V5 V5 Yy
SO

Hence the asymptotes are

9 _
x+y:i2<:n 2y>’
V5

which reduces to y = 0 and y = 4x/3. (See Figure 2(a).)

8 -2
—2 )
eigenvalues of A are the roots of A> — 13\ + 36 = 0, namely \; = 4 and

A2 = 9. Corresponding unit eigenvectors turn out to be [1/4/5, 2/v/5]" and
[—2//5, 1/4/5]t. Hence if

3. 8x2—4xy—|—5y2:XtAX,whereA:[ ]andX:[z].The

1 =2
P=1% ¥,
V5 V5

then P is an orthogonal matrix. Also as det P = 1, P is a proper orthogonal
matrix and the equation
o ]-rln]
Y Y1

represents a rotation to new x1, y; axes whose positive directions are given
by the respective columns of P. Also

" 140
PAP—[O 9 |

81



Figure 2: (a): 4ay — 3y? = 8; (b): 822 — 4wy + 5y? = 36

Then X'AX = 422 + 9y? and the original equation 822 — 4xy + 5y? = 36
becomes 4z + 9y} = 36, or the standard form

“1 -1
9+4 ’

which represents an ellipse as in Figure 2(b).
The axes of symmetry turn out to be y = 2z and z = —2y.

4. We give the sketch only for parts (i), (iii) and (iv). We give the working
for (ii) only. See Figures 3(a) and 4(a) and 4(b), respectively.
(ii) We have to investigate the equation

522 — dry + 8y + 4V5x — 16v5y + 4 = 0. (3)

Hel"e 5$2—4$y+8y2:XtAX’ WhereA: |:_g _§:| andX: |:ay?:|

The eigenvalues of A are the roots of A2 — 13\ + 36 = 0, namely \; = 9 and
A2 = 4. Corresponding unit eigenvectors turn out to be [1/v/5, —2/+/5]* and
[2/v/5, 1/4/5]t. Hence if

A1 2
P=| % ¥
Vb V5

then P is an orthogonal matrix. Also as det P = 1, P is a proper orthogonal
matrix and the equation



Figure 3: (a): 42? — 9y? — 242 — 36y — 36 = 0;

VBx —16V5y +4 =0

(b): 522 — 4wy + 8y? +

y
lg /
~. 43’15 _y2
N ' ‘ X X
9 48 /] 45 9
/ |9 T X,

Figure 4: (a): 422 +y? — dzy — 10y — 19 = 0;

70 — 30y +29=0
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represents a rotation to new x1, y; axes whose positive directions are given
by the respective columns of P. Also

tan |90
PAP[O4.

Moreover
5z — dxy + 8y? = 9x? + 492

To get the coefficients of 21 and y; in the transformed form of equation (3),
we have to use the rotation equations

T = %(xl +2y1), y= %(—2961 + 1)
Then equation (3) transforms to
922 4 4y? + 3621 — Sy; +4 =0,
or, on completing the square,
9(z1 +2)% + 4(y1 — 1)* = 36,

or in standard form

x_% + @ =1
4 9 ’
where 9 = 1 + 2 and y3 = y3 — 1. Thus we have an ellipse, centre

(x27 y2) = (07 0)7 or (xla yl) = (_27 1)1 or (.’L’, y) = (07 \/5)
The axes of symmetry are given by o = 0 and y2 = 0, or 1 +2 = 0
and y1 —1 =0, or

1( 2y)+2=0 and 1(2+) 1=0
—(x — = n —= 2z —1=0,
s s

which reduce to x — 2y + 2v/5 = 0 and 2z +y — /5 = 0. See Figure 3(b).
5. (i) Consider the equation

222 + y* 4 3zy — bz — 4y + 3 = 0. (4)
2 3/2 —5/2 4 3 -5 1 1 -1
A=| 3/2 1 —2|=8 3 2 —4|=8| 3 2 —4|=0.
—-5/2 -2 3 5 —4 6 —2 -2 2

84



Let = x1 + a, y = y1 + [ and substitute in equation (4) to get
2(r1+a)? + (1 +B8)? +3(x1 + ) (1 +B) = 5(z1+a) =41 +B)+3 =0 (5).
Then equating the coefficients of 1 and y; to 0 gives

do+38-5 =
3a+28-4 = 0,
which has the unique solution a = 2, § = —1. Then equation (5) simplifies

to
227 + 47 + 3z1y1 = 0 = (2z1 +y1) (21 + ).

So relative to the x1, y; coordinates, equation (4) describes two lines: 2x1 +
y1 = 0 and z1 +y; = 0. In terms of the original z, y coordinates, these lines
become 2(x —2)+ (y+1)=0and (z —2)+(y+1)=0,ie. 2 +y—3=0
and x + y — 1 = 0, which intersect in the point

(ii) Consider the equation

922 4+ y? — 6y + 62 — 2y +1=0. (6)

Here
9 -3 3
A=1|3 1 —-1|=0,
3 -1 1
as column 3 = — column 2.

Let x = 1 + o, y = y1 + B and substitute in equation (6) to get
91+ )’ + (11 + 8)* — 6(z1+ ) (y1 + B) +6(z1 + ) —2(y1 + B) +1 = 0.
Then equating the coefficients of 1 and y; to 0 gives

18a—64+6 =
6a+28-2 = 0,

or equivalently —3a+ 3 —1 = 0. Take « = 0 and # = 1. Then equation (6)
simplifies to

977 + yi — 62191 =0 = (321 —y1)* (7)
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In terms of x, y coordinates, equation (7) becomes
(Bx—(y—1)?=0, or3z —y+1=0.
(iii) Consider the equation
22 Aoy + 42—z —2y—2=0. (8)
Arguing as in the previous examples, we find that any translation
r=xi+ta, y=y+p

where 2a + 46 — 1 = 0 has the property that the coefficients of x1 and y;
will be zero in the transformed version of equation (8). Take § = 0 and
a =1/2. Then (8) reduces to

9
o3 + dzyyr + 4y — 1= 0,

or (z1+2y1)? = 3/2. Hence z1 +2y; = £3/2, with corresponding equations

r+2y=2 and x+2y=-1.
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Section 8.8

1. The given line has equations

x = 3+t(13—-3) =3+ 10t,
= —2+1t(3+2)=-2+5t,
z = T7+t(—-8—7)="7-—15¢.
The line meets the plane y = 0 in the point (z, 0, z), where 0 = —2 4 5¢, or
t =2/5. The corresponding values for z and z are 7 and 1, respectively.

2. E=3(B+C), F=(1—-t)A +(E, where

L_AF _ AP AF/FE 2
AE  AF+FE (AF/FE)+1 3

Hence

1 2 (1
F = _A+-(=(B
3 +3<2( +C)>

1 1
= —A+-(B
3 +3( +C)

1

3. Let A= (2,1,4), B=(1,-1,2), C = (3,3,6). Then we prove AC'=

t AB for some real t. We have

1 1
AC= |2 |, AB=| -2
2 )

Hence AC'= (—1) AB and consequently C is on the line AB. In fact A is
between C' and B, with AC = AB.

4. The points P on the line AB which satisfy AP = %PB are given by

P = A +t AB, where |t/(1—t)] =2/5. Hence t/(1 —t) = £2/5.
The equation ¢/(1 —t) = 2/5 gives t = 2/7 and hence

2] ,[1 167
~1 5 3/7

87



Hence P = (16/7, 29/7, 3/7).
The equation ¢/(1 —t) = —2/5 gives t = —2/3 and hence

2 51 4/3
P=| 3|-|4]= 1/3
~1 5 ~13/3

Hence P = (4/3, 1/3, —13/3).

5. An equation for MisP = A +1¢ ﬁé’, which reduces to

r = 146t
= 2-3t
z = 3+ Tt

An equation for A is Q = E + s EF, which reduces to

r = 1+4+09s
= -1
z = 84 3s.

To find if and where M and A intersect, we set P = Q and attempt to solve
for s and t. We find the unique solution t = 1, s = 2/3, proving that the
lines meet in the point

(x,y,2)=(146,2-3,3+7)=(7, —1, 10).

6. Let A= (=3,5,6), B=(-2,7,9), C=(2,1,7). Then
(i)
cos ZABC = (BA - BC)/(BA - BO),

where BA=[~1, —2, —3]' and BC= [4, —6, —2]'. Hence

—4+1246 14 1
V1456 VI4VE6 2

Hence ZABC = m/3 radians or 60°.

cos ZABC =
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(if)
cos /BAC = (AB - AC)/(AB - AC),

where AB=[1, 2, 3]' and AC= [5, —4, 1]*. Hence

5-8+43
V14+/42
Hence ZABC = m/2 radians or 90°.

cos ZBAC = 0.

(iii)
cos LACB = (CA - CB)/(CA-CB),
where C A= [-5, 4, —1] and CB= [—4, 6, 2]'. Hence

20+24-2 42 V4
VA2VE6  VA2V56 /56

Hence ZAC'B = 7/6 radians or 30°.

\)
[\
S

cos LZACB =

7. By Theorem 8.5.2, the closest point P on the line AB to the origin O is
given by P = A + ¢ ZE, where

,_AD AB A 4B

AB? AB?
Now
-2 3
A- AB= 1 1 [ =-2
3 1
Hence t = 2/11 and
—2 ., [3 —16/11
P=| 1+ (1|=]| 13/1
3 1 35/11

and P = (—16/11, 13/11,35/11).
Consequently the shortest distance OP is given by

11 11 11 11 11 Vil

\/(—16>2+ (13)2+ <35>2 VIG5 _ VIEXIIx 10 _ VI50
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Alternatively, we can calculate the distance OP?, where P is an arbitrary
point on the line AB and then minimize OP?:

-2 3 —2+3t
P=A+tAB= 1{+t]1]|= 1+t
3 1 3+t
Hence
OP? = (=243t +(1+t)2+B3+1)?
= 112 —4t+14
4 14
= 11(2 -2 =
(t 11t+11>
212 14 4
= 11(<t—= —
({ 11} T 121)
2312 150
= 11(<t—= .
({ 11} +121>
Consequently
150
P?>11x —
OP" 211X o7
for all t; moreover
150
P2 =11 x —
0 * 121

when t = 2/11.
8. We first find parametric equations for N by solving the equations

r4+y—2z =1
r+3y—z = 4.

The augmented matrix is
11 -2 1
1 3 -1 4}’

Rl

which reduces to

Hence x = —% + %z, Yy = % — 5, with z arbitrary. Taking z = 0 gives a point

A= (—%, %, 0), while z = 1 gives a point B = (2, 1, 1).

90



Hence if C = (1, 0, 1), then the closest point on N to C is given by
P=A+tAB, where t = (ZE’ : IB)/ABQ.

Now
3/2 5/2
AC=| =3/2 and AB=| —-1/2 |,
1 1
SO
. Sx34+FExF+1x1 11
= 2 182 TS
@+ G+ B
Hence
—1/2 1 5/2 4/3
P= 3/2 +1—5 -1/2 | = | 17/15 |,
0 1 11/15

so P =(4/3,17/15, 11/15).
Also the shortest distance PC is given by

4\ 2 17\ 2 11\? /330
PC=4/(1-2 L 1—— ) =¥X222,
() o Y (Y

9. The intersection of the planes x +y — 2z =4 and 3z — 2y + z = 1 is the
line given by the equations

:J:*g—i-%,z *E—i—zz
5757 YT T TE”

where z is arbitrary. Hence the line £ has a direction vector [3/5, 7/5, 1]
or the simpler [3, 7, 5]'. Then any plane of the form 3z + 7y + 52 = d will
be perpendicualr to £. The required plane has to pass through the point
(6, 0, 2), so this determines d:

3X6+7Tx0+5x2=d=28.

10. The length of the projection of the segment AB onto the line C'D is
given by the formula

|CD - AB|
cD
Here CD= [—8, 4, —1] and AB= [4, —4, 3]¢, so
|CD-AB|  |(—8) x4+4x (—4) + (—1) x 3|
¢D V(=8)2 + 42 4 (—1)2
_ =515t 17
V81T 9 37
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11. A direction vector for L is given by BC= [—5, —2, 3]'. Hence the plane
through A perpendicular to £ is given by

—bx —2y+32=(-5) x3+(-2)x(-1)+3x2=-T.

The position vector P of an arbitrary point P on L is given by P = B+t E&',

x 2 -5
y =111+t -2 ],
z 4 3

or equivalently x =2 —5t, y =1—2t, z = 4 + 3t.

To find the intersection of line £ and the given plane, we substitute the
expressions for z, y, z found in terms of ¢ into the plane equation and solve
the resulting linear equation for :

—5(2—5t) —2(1 —2t) +3(4+ 3t) = -7,

which gives t = —7/38. Hence P = (13—181, %, %) and

1112 52\ 2 131\ 2
AP = - 1= 9 2=
o) () (- 12)
V11134 /293 x 38 /293
38 38 /38

12. Let P be a point inside the triangle ABC. Then the line through P and
parallel to AC will meet the segments AB and BC in D and F, respectively.
Then

P = (1-rD+7E, 0<r<I;
D (1-s)B+sA, 0<s<l;
E = 1-t)B+tC, 0<t<l.

Hence

P = 1-n{1-5B+sA}+r{(1-t)B+tC}
1-r)sA+{1—-r)(1-s)+r(1—1t)}B+rtC
aA + B +~C,
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where
a=(1-=r)s, f=0-r)(1-5)4+r(1—-1t), ~y=rt
Then0<a<1l, 0<y<1,0<pB<(1—r)+r=1. Also

a+B8+y=0-r)s+(1—-r)(1—=8)+r(1—t)+rt=1.

13. The line AB is given by P = A +¢[3, 4, 5], or
r=6+3t, y=-1+4t, z=11+5t
Then B is found by substituting these expressions in the plane equation
3r +4y + 5z = 10.

We find ¢ = —59/50 and consequently

1 2 2 123 -2 2
B:<6—£ _1_ﬁ 11— 95>:< 3 86 55>.

50 ° 50 ° 50 507 50 ' 50
Then
—_— 3
AB = [|[AB||=|[t| 4 |||
5
59 59
= [t{V32+42 452 =" x50 = ——.
It] =0 =5

14. Let A = (-3,0,2), B=(6,1,4), C = (=5,1,0). Then the area of
triangle ABC is 1|| AB x AC ||. Now

9 -2 —4
AB x AC= |1 | % 1| = 14
2 -2 11

Hence || AB x AC || = v/333.

15. Let A1 = (2,1,4), Ay = (1, —1, 2), A3 = (4, —1, 1). Then the point
P = (z,y, z) lies on the plane A; A3 As if and only if

AP (A1 Ay x A1Az) =0,
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or
r—2 y—1 z—-4
-1 -2 -2 | =20 —-Ty+62—-21=0.
2 -2 -3

16. Non—parallel lines £ and M in three dimensional space are given by
equations
P=A+sX, Q=B+tY.

(i) Suppose PQ is orthogonal to both X and Y. Now
PO=Q-P=B+1tY)— (A+5sX)=AB +tY — sX.
Hence

(AB +tY +sX)-X = 0
(AB +tY +5X)-Y = 0.

More explicitly

HY - X)—s(X-X) = —AB-X
HY-Y)—s(X-Y) = —AB.Y.

However the coefficient determinant of this system of linear equations
in t and s is equal to

Y. X -X-X

Y.V -X.Y | —(X Y+ (X-X)(Y-Y)
= [[X xY[]*#0,

as X #0, Y # 0 and X and Y are not proportional (£ and M are
not parallel).

(ii) P and @ can be viewed as the projections of C and D onto the line PQ,
where C and D are arbitrary points on the lines £ and M, respectively.
Hence by equation (8.14) of Theorem 8.5.3, we have

PQ < CD.

Finally we derive a useful formula for PQ). Again by Theorem 8.5.3

| AB-PQ| -

= AB -h
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X

where n = % F@ is a unit vector which is orthogonal to X and Y.
Hence

n=tXxY),
where t = +1/||X x Y||. Hence

| AB (X x Y)|
PQ =
||X = Y]

17. We use the formula of the previous question.
Line £ has the equation P = A + sX, where

2
X =AC=| -3
3

Line M has the equation Q = B + tY, where

1
Y =BD=| 1
1

Hence X x Y =[-6, 1, 5] and || X x V|| = V62.
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Hence the shortest distance between lines AC and BD is equal to

0 —6
—2 . 1
| AB (X xY)| 1 51 3
| X x Y| V62 V62

18. Let E be the foot of the perpendicular from A4 to the plane A;AsAs.
Then ]
vol A1A2A3A4 = g( area AAlAQAg) . A4E.

Now 1
area A1 Ap Ay = | AAy x A1 As .

Also A4FE is the length of the projection of A1 A4 onto the line A4F. (See
figure above.)
Hence A4F = | /EZL; -X|, where X is a unit direction vector for the line
A4E. We can take
A?‘lg X AT;lg

X=122 00
H A1A2 X A1A3 ||

Hence

| AL Ay (A1 Ay x AL A3)]
| AiAs x AiA; ||
1 — — —

= 6‘ A1A4 -(A1A2 X A1A3)|

vol A1A2A3A4 = %H ATAQ X ATAg H
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(A1 Ay x Ay As)- Ay Ay |.

1
I
19. We have CB= [1, 4, —1]*, CD=[-3, 3, 0], AD=[3, 0, 3]'. Hence

OB x CD= 3i+ 3j + 15k,
so the vector i+ j + 5k is perpendicular to the plane BC'D.
Now the plane BC'D has equation z +y + 5z =9, as B = (2, 2, 1) is on

the plane.
Also the line through A normal to plane BC'D has equation

x 1 1 1
yl=|1|+t]1]|=0+0]1
z 5 5 5

Hence x =1+t y=1+4+1t, z=5(1+1).
[We remark that this line meets plane BC'D in a point F which is given
by a value of ¢ found by solving

(L+4)+ (1+1) +5(5+5t) = 9.

Sot=-2/3 and F=(1/3,1/3,5/3).]
The distance from A to plane BC'D is

Mx1+1x14+5x5—9| 18
= = 2V3.
12 +12 452 V27 V3

To find the distance between lines AD and BC, we first note that

(a) The equation of AD is

1 3 1+ 3t
P=|1]|+tlo|=| 1 |[;
3 5+ 3t
(b) The equation of BC is
2 1 2+s
Q=|2|+s| 4|=]|2+4s
1 —1 1-s



Then f@: [14+s—3t, 1+4s, —4 — s — 3t]" and we find s and ¢ by solving
the equations F@ . AD=0 and F@ .BC= 0, or

(1+s5—=3t)3+(1+45)0+ (-4 —s—3t)3 =
(14+s—3t)+4(1+4s) —(—4—s-3t) =
Hence t = —1/2 = s.
Correspondingly, P = (—1/2, 1, 7/2) and Q = (3/2, 0, 3/2).

Thus we have found the closest points P and () on the respective lines
AD and BC. Finally the shortest distance between the lines is

PQ=|PQJ =3
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