Chapter 3

SUBSPACES

3.1 Introduction

Throughout this chapter, we will be studying F™, the set of all n—dimensional
column vectors with components from a field F. We continue our study of
matrices by considering an important class of subsets of F'™ called subspaces.
These arise naturally for example, when we solve a system of m linear ho-
mogeneous equations in n unknowns.

We also study the concept of linear dependence of a family of vectors.
This was introduced briefly in Chapter 2, Remark 2.5.4. Other topics dis-
cussed are the row space, column space and null space of a matrix over F,
the dimension of a subspace, particular examples of the latter being the rank
and nullity of a matrix.

3.2 Subspaces of I

DEFINITION 3.2.1 A subset S of F" is called a subspace of F"™ if
1. The zero vector belongs to S; (that is, 0 € S);

2. Ifu e Sand v €S, then u+v € S; (S is said to be closed under
vector addition);

3. lf ue SandteF, then tu € S; (S is said to be closed under scalar
multiplication).

EXAMPLE 3.2.1 Let A € My,xn(F). Then the set of vectors X € F"
satisfying AX = 0 is a subspace of F™ called the null space of A and is
denoted here by N(A). (It is sometimes called the solution space of A.)
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Proof. (1) A0 =0,s00 € N(A); (2) If X, Y € N(A), then AX = 0 and
AY =0,80 A(X+Y)=AX+AY =0+0=0andso X +Y € N(4); (3)
If X € N(A) and t € F, then A(tX) =t(AX)=1t0=0,so tX € N(A).

10

01 ], then N(A) = {0}, the set consisting of

For example, if A = [

1 2

just the zero vector. If A = [ 9 4

], then N(A) is the set of all scalar
multiples of [—2, 1]°.

EXAMPLE 3.2.2 Let Xq,...,X,, € F". Then the set consisting of all
linear combinations 1 X1 + - -+ + £ X, where z1,..., 2, € F, is a sub-
space of F™. This subspace is called the subspace spanned or generated by
X1,...,Xm and is denoted here by (Xi,...,X,,). We also call X1,...,X,,
a spanning family for S = (Xy,..., X;).

Proof. (1) 0 = 0X; + -+ + 0Xpm, 50 0 € (X1,...,Xm); (2) If X, Y €
(X1,..., Xm), then X =21 X1+ -+ 2, Xpnand Y =1 X1 + -+ + ym X,
SO

X+Y = (@Xi+ - +2nXn) + (0Xs+ -+ ymXm)
= ($1+y1)X1+”'+(ﬂ?m—|—ym)Xm€<X1,...,Xm>.

(3)If X € (X1,...,X,n) and t € F, then

X = o1 Xi+ - +z,Xnm
tX = t(J?le + -+ $me)
— () X1+ 4 (E) X € (X1, X

For example, if A € M, «n(F'), the subspace generated by the columns of A
is an important subspace of F" and is called the column space of A. The
column space of A is denoted here by C(A). Also the subspace generated
by the rows of A is a subspace of F™ and is called the row space of A and is
denoted by R(A).

EXAMPLE 3.2.3 For example F" = (Fy,..., E,), where E,..., E, are
the n—dimensional unit vectors. For if X = [x1,...,2,]' € F", then X =
1B+ ap By

EXAMPLE 3.2.4 Find a spanning family for the subspace S of R? defined
by the equation 2x — 3y + 5z = 0.
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Solution. (S is in fact the null space of [2, —3, 5], so S is indeed a subspace
of R3.)
If [z, y, 2]* € S, then x = % — %z. Then

3 5 3 5
x 2Y — 2% 2 2
Yy | = Y =y | 1 |+=z 0
z z 0 1
and conversely. Hence [%, 1, 0" and [—2, 0, 1]* form a spanning family for

S.

The following result is easy to prove:

LEMMA 3.2.1 Suppose each of Xi,...,X, is a linear combination of
Yi1,...,Ys. Then any linear combination of Xi,..., X, is a linear combi-
nation of Yi,..., Y.

As a corollary we have

THEOREM 3.2.1 Subspaces (Xi,...,X,) and (Y3,...,Ys) are equal if
each of X1, ..., X, is a linear combination of Y7,...,Ys and each of Y7,...,Y}
is a linear combination of X1,..., X,.

COROLLARY 3.2.1 Subspaces (X1,...,X,, Z1,...,Z) and (X1,..., X,)
are equal if each of Z1,...,Z; is a linear combination of X1,..., X,.

EXAMPLE 3.2.5 If X and Y are vectors in R", then
(X, V)=(X+Y, X-Y).

Solution. Each of X +Y and X — Y is a linear combination of X and Y.
Also

1 1 1 1
so each of X and Y is a linear combination of X +Y and X — Y.

There is an important application of Theorem 3.2.1 to row equivalent
matrices (see Definition 1.2.4):

THEOREM 3.2.2 If A is row equivalent to B, then R(A) = R(B).

Proof. Suppose that B is obtained from A by a sequence of elementary row
operations. Then it is easy to see that each row of B is a linear combination
of the rows of A. But A can be obtained from B by a sequence of elementary
operations, so each row of A is a linear combination of the rows of B. Hence
by Theorem 3.2.1, R(A) = R(B).
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REMARK 3.2.1 If A is row equivalent to B, it is not always true that
C(A) =C(B).

1 1 1 1
1 1 0 0
reduced row—echelon form of A. However we see that

C(A):<[”’[”>:<[”>

and similarly C(B) = < [ (1) } >
c 1

Consequently C(A) # C(B), as { . } € C(A) but [ ' ] ¢ C(B).

For example, if A = ] and B = [ ], then B is in fact the

3.3 Linear dependence

We now recall the definition of linear dependence and independence of a
family of vectors in F™ given in Chapter 2.

DEFINITION 3.3.1 Vectors Xi,...,X,, in F™ are said to be linearly
dependent if there exist scalars x1, ..., x;,, not all zero, such that

1 X1+ -+ Xnm =0.

In other words, X1, ..., X,, are linearly dependent if some X; is expressible
as a linear combination of the remaining vectors.

X1,..., X, are called linearly independent if they are not linearly depen-
dent. Hence X1, ..., X,, are linearly independent if and only if the equation

1 X1+ -+ Xn =0
has only the trivial solution 1 =0, ..., 2, = 0.

EXAMPLE 3.3.1 The following three vectors in R?

1 ~1 -1
Xi=|2|, Xo=| 1|, X3=1| 7
3 2 12

are linearly dependent, as 2X; + 3X9 4+ (—1)X3 = 0.
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REMARK 3.3.1 If X;,...,X,, are linearly independent and
1 X1+ e X =0 Xa + o+ ym X,
then z1 = y1,...,Zm = ym. For the equation can be rewritten as
(z1—y)Xai+ -+ (m — Ym) Xm =0
andsozx; —y1 =0,...,Zm —ym = 0.

THEOREM 3.3.1 A family of m vectors in F" will be linearly dependent
if m > n. Equivalently, any linearly independent family of m vectors in F™
must satisfy m < n.

Proof. The equation
X1+, X, =0

is equivalent to n homogeneous equations in m unknowns. By Theorem 1.5.1,
such a system has a non—trivial solution if m > n.

The following theorem is an important generalization of the last result
and is left as an exercise for the interested student:

THEOREM 3.3.2 A family of s vectors in (Xq,...,X,) will be linearly
dependent if s > r. Equivalently, a linearly independent family of s vectors
in (X1,...,X,) must have s <.

Here is a useful criterion for linear independence which is sometimes
called the left—to-right test:

THEOREM 3.3.3 Vectors Xi,..., X, in F" are linearly independent if
(a) X1 7é 0;

(b) For each k with 1 < k < m, Xj is not a linear combination of
X1 Xy

One application of this criterion is the following result:

THEOREM 3.3.4 Every subspace S of F™ can be represented in the form
S =(X1,...,Xm), where m < n.
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Proof. If S = {0}, there is nothing to prove — we take X; = 0 and m = 1.

So we assume S contains a non—zero vector X; then (X;) C S as S is a
subspace. If S = (X;), we are finished. If not, S will contain a vector X,
not a linear combination of Xi; then (X;, X3) C S as S is a subspace. If
S = (X1, X2), we are finished. If not, S will contain a vector X3 which is
not a linear combination of X7 and Xs. This process must eventually stop,
for at stage k we have constructed a family of k linearly independent vectors
X1,..., X}, all lying in F™ and hence k < n.

There is an important relationship between the columns of A and B, if
A is row—equivalent to B.

THEOREM 3.3.5 Suppose that A is row equivalent to B and let ¢1, ..., ¢,
be distinct integers satisfying 1 < ¢; < n. Then

(a) Columns A,.,,..., A, of A are linearly dependent if and only if the
corresponding columns of B are linearly dependent; indeed more is
true:

l’lA*cl +- -xrA*cT =0« xlB*cl +- -I'TB*C,« =0.

(b) Columns A,c,, ..., A, of A are linearly independent if and only if the
corresponding columns of B are linearly independent.

(¢) If 1 <¢y1 <nand ¢4 is distinet from ¢y, ..., ¢, then

Aserir = 21 + -+ 20 Ase, © Bacoyy = 21Bue; + - + 2, Bae,..

Proof. First observe that if Y = [y1,...,y,|' is an n—dimensional column
vector and A is m X n, then

AY = ylA*l +---+ ynA*n

Also AY =0 < BY =0, if B is row equivalent to A. Then (a) follows by
taking y; = x; if i = ¢; and y; = 0 otherwise.
(b) is logically equivalent to (a), while (c) follows from (a) as

A*C”'l - ZlA*Cl +o ZTA*CT Ang ZlA*C1 +F ZTA*Cr + (_]‘)A*Cr+1 =0
= ZlB*cl + ttt + Z?"B*Cr + (_1)B*Cr+1 = 0
<~ B*cr+1 = ZlB*cl +---+ er*aw
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EXAMPLE 3.3.2 The matrix

1 1 5 1 4
A=12 -1 1 2 2
3 06 0 -3
has reduced row—echelon form equal to
1 0 2 0 —1
B=|0130 2
0001 3

We notice that B.1, By and B,y are linearly independent and hence so are
Ay, Awo and A,y Also

Bi,3 = 2B,1 + 3B
B*S - (_1)3*1 + 2B*2 + 3B*47

so consequently

Az = 244 + 34k
A*5 = (_I)A*l + 2A*2 + 314*4

3.4 Basis of a subspace
We now come to the important concept of basis of a vector subspace.

DEFINITION 3.4.1 Vectors X1,...,X,, belonging to a subspace S are
said to form a basis of S if

(a) Every vector in S is a linear combination of X7, ..., X,;
(b) Xi,...,X,, are linearly independent.

Note that (a) is equivalent to the statement that S = (Xi,...,X,,) as we
automatically have (Xi,...,X,,) € S. Also, in view of Remark 3.3.1 above,
(a) and (b) are equivalent to the statement that every vector in S is uniquely
expressible as a linear combination of X,..., X,,.

EXAMPLE 3.4.1 The unit vectors F1, ..., E, form a basis for F'".
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REMARK 3.4.1 The subspace {0}, consisting of the zero vector alone,
does not have a basis. For every vector in a linearly independent family
must necessarily be non-zero. (For example, if X; = 0, then we have the
non—trivial linear relation

1X14+0Xe+---4+0X,, =0
and Xi,...,X,, would be linearly independent.)

However if we exclude this case, every other subspace of I has a basis:

THEOREM 3.4.1 A subspace of the form (Xi,...,X,,), where at least
one of Xi,...,X,, is non—zero, has a basis X, ,...,X.., where 1 < ¢; <
e <M.

Proof. (The left—to-right algorithm). Let ¢1 be the least index k for which
X}, is non—zero. If ¢4 = m or if all the vectors X with k > ¢ are linear
combinations of X, terminate the algorithm and let » = 1. Otherwise let
¢y be the least integer £ > ¢; such that Xj is not a linear combination of
Xey-

If ¢ = m or if all the vectors X} with & > ¢y are linear combinations
of X., and X,,, terminate the algorithm and let r = 2. Eventually the
algorithm will terminate at the r—th stage, either because ¢, = m, or because
all vectors Xy with k > ¢, are linear combinations of X, ,..., X, .

Then it is clear by the construction of X, ..., X,,, using Corollary 3.2.1
that

(a) (Xepy-oos Xep) = (X1, o0, Xin)s

(b) the vectors X,,,..., X, are linearly independent by the left—to-right
test.

Consequently X.,,..., X, form a basis (called the left-to—right basis) for
the subspace (X1,..., X;).

EXAMPLE 3.4.2 Let X and Y be linearly independent vectors in R".
Then the subspace (0, 2X, X, —Y, X +Y) has left—to—right basis consisting
of 2X, -Y.

A subspace S will in general have more than one basis. For example, any
permutation of the vectors in a basis will yield another basis. Given one
particular basis, one can determine all bases for S using a simple formula.
This is left as one of the problems at the end of this chapter.

We settle for the following important fact about bases:
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THEOREM 3.4.2 Any two bases for a subspace S must contain the same
number of elements.

Proof. For if Xi,..., X, and Y7,...,Y are bases for S, then Y7,...,Y}
form a linearly independent family in S = (X1,..., X,) and hence s < r by
Theorem 3.3.2. Similarly r < s and hence r = s.

DEFINITION 3.4.2 This number is called the dimension of S and is
written dim S. Naturally we define dim {0} = 0.

It follows from Theorem 3.3.1 that for any subspace S of F™, we must have
dim S < n.

EXAMPLE 3.4.3 If E4, ..., E, denote the n—dimensional unit vectors in
F" then dim (Ey,...,E;) =i for 1 <i<mn.

The following result gives a useful way of exhibiting a basis.

THEOREM 3.4.3 A linearly independent family of m vectors in a sub-
space S, with dim S = m, must be a basis for S.

Proof. Let Xi,...,X,, be a linearly independent family of vectors in a
subspace S, where dim .S = m. We have to show that every vector X € S is
expressible as a linear combination of X1, ..., X,,. We consider the following

family of vectors in S: X1,..., X;,, X. This family contains m + 1 elements
and is consequently linearly dependent by Theorem 3.3.2. Hence we have

1 X1+ 2 Xn +F2me1 X =0, (31)
where not all of z1, ..., 41 are zero. Now if x,,,4+1 = 0, we would have

1 X1+ + 2 Xm =0,

with not all of z1, .. ., z,, zero, contradictiong the assumption that X; ..., X,
are linearly independent. Hence x,,+1 # 0 and we can use equation 3.1 to
express X as a linear combination of Xy, ..., X;y,:
—x —x
X=—2X+ - 4+——"X,.

Tm+1 Tm+1
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3.5 Rank and nullity of a matrix

We can now define three important integers associated with a matrix.
DEFINITION 3.5.1 Let A € My,xn(F). Then

(a) column rank A =dim C'(A);

(b) row rank A =dim R(A);

(¢) nullity A =dim N(A).

We will now see that the reduced row—echelon form B of a matrix A allows
us to exhibit bases for the row space, column space and null space of A.
Moreover, an examination of the number of elements in each of these bases
will immediately result in the following theorem:

THEOREM 3.5.1 Let A € M,,5n(F'). Then
(a) column rank A =row rank A;
(b) column rank A+ nullity A = n.

Finding a basis for R(A): The r non-zero rows of B form a basis for R(A)
and hence row rank A = r.
For we have seen earlier that R(A) = R(B). Also

R(B) = <B1*a"->Bm*>
— (Bis,..., B, 0 ....0)
— (Bu....,Bn).

The linear independence of the non—zero rows of B is proved as follows: Let
the leading entries of rows 1,...,r of B occur in columns cy, ..., ¢.. Suppose
that

xlBl* + -+ ITBT* =0.

Then equating components ¢y, ..., ¢, of both sides of the last equation, gives
1 =0,...,2, = 0, in view of the fact that B is in reduced row— echelon
form.

Finding a basis for C(A): The r columns A, ,..., A, form a basis for
C(A) and hence column rank A = r. For it is clear that columns ¢y, ..., ¢,
of B form the left—to-right basis for C'(B) and consequently from parts (b)
and (c) of Theorem 3.3.5, it follows that columns ¢y, ..., ¢, of A form the
left—to-right basis for C'(A).
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Finding a basis for N(A): For notational simplicity, let us suppose that ¢; =
1,...,¢. = 7. Then B has the form

1 0 --- 0 biry1 -+ bin
0 1 0 bory1 -+ boy
B=|00 - 1 byyr - bm
00 --- 0 0 o0
00 -~ 0 0 0|

Then N(B) and hence N(A) are determined by the equations

Ty = (—blr+1)$r+1 + o+ (—bln)xn
Ty = (_brr+1)xr+1 + -+ (_brn)xny
where 11, ..., 2, are arbitrary elements of F'. Hence the general vector X

in N(A) is given by

71 [ —birt1 —bn
Ly _ —brrg1 o —brn
Tyt = Tr41 1 + + xp 0 (32)
| Tn | 0 | 1 ]

= Trp X1+ -+ Xn g

Hence N(A) is spanned by X,..., X, as &y41, ..., T, are arbitrary. Also
X1,...,X,_, are linearly independent. For equating the right hand side of
equation 3.2 to 0 and then equating components r» 4+ 1,...,n of both sides
of the resulting equation, gives z,41 =0,...,z, = 0.

Consequently X7,...,X,,_, form a basis for N(A).

Theorem 3.5.1 now follows. For we have

s

row rank A = dim R(A)
column rank A = dimC(A)

T.

Hence
row rank A = column rank A.
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Also
column rank A + nullity A =r +dim N(A) =r+ (n —r) = n.

DEFINITION 3.5.2 The common value of column rank A and row rank A
is called the rank of A and is denoted by rank A.

EXAMPLE 3.5.1 Given that the reduced row—echelon form of

1 151 4
A=12 -1 1 2 2
3 06 0 -3
equal to
1 0 2 0 -1
B=|(0130 2],
0001 3
find bases for R(A), C(A) and N(A).

Solution. [1, 0, 2,0, —1], [0, 1, 3, 0, 2] and [0, 0, 0, 1, 3] form a basis for
R(A). Also

1 1 1
A*l - 2 ) A*Q - -1 ) A*4 - 2
3 0 0

form a basis for C'(A).
Finally N(A) is given by

x1 —2x3 + x5 —2 1
xTo —3:133 - 2:E5 -3 —2
x3 | = 3 =13 1| +a5 0 | = 23X + 25Xo,
T4 —3xs5 0 -3
ZI5 T5 0 1

where z3 and x5 are arbitrary. Hence X; and X3 form a basis for N(A).
Here rank A = 3 and nullity A = 2.

1 2

EXAMPLE 3.5.2 Let A = [ 9 4

} Then B = [ é (2) } is the reduced

row—echelon form of A.
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Hence [1, 2] is a basis for R(A) and [ ;

is given by the equation x1 = —2x9, where x5 is arbitrary. Then
IR ey
T2 T2 1

and hence { _f ] is a basis for N(A).

Here rank A = 1 and nullity A = 1.

} is a basis for C(A). Also N(A)

1 2

EXAMPLE 3.5.3 Let A = [ 3 4

} Then B = [ (1) (1) } is the reduced

row—echelon form of A.

Hence [1, 0], [0, 1] form a basis for R(A) while [1, 3], [2, 4] form a basis
for C(A). Also N(A) = {0}.

Here rank A = 2 and nullity A = 0.

We conclude this introduction to vector spaces with a result of great
theoretical importance.

THEOREM 3.5.2 Every linearly independent family of vectors in a sub-
space S can be extended to a basis of S.

Proof. Suppose S has basis Xi,...,X,, and that Y7,...,Y, is a linearly
independent family of vectors in S. Then

S=(X1,..., Xpn)=Y1,....,Y, X1,..., Xm),

as each of Y1,...,Y, is a linear combination of Xy,..., X,,.
Then applying the left—to-right algorithm to the second spanning family
for S will yield a basis for S which includes Y7,..., Y.

3.6 PROBLEMS

1. Which of the following subsets of R? are subspaces?

(a) [z, y] satisfying x = 2y;
(b) [z, y] satistying x = 2y and 2z = y;
(¢) [z, y] satisfying = = 2y + 1;

) [z, 4]

x, y] satisfying xy = 0;
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. Determine if X; =
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(e) [z, y] satisfying x > 0 and y > 0.

[Answer: (a) and (b).]

. If X, Y, Z are vectors in R", prove that

(X,Y,2)=(X+Y, X+ 2, Y + 2).

are linearly

N = O =
N == O
W = =

independent in R*.

. For which real numbers \ are the following vectors linearly independent

in R3?
A -1 -1
Xi=1| -1, Xy= AN, Xs=1| -1
-1 -1 A

. Find bases for the row, column and null spaces of the following matrix

over Q:
1 1 2 0 1
2 2 5 0 3
A= o 0 0 1 3
8 11 19 0 11
. Find bases for the row, column and null spaces of the following matrix
over Zs:
101 0 1
01 0 1 1
A= 11110
0 0110
. Find bases for the row, column and null spaces of the following matrix
over Zs:
112 01 3
2 1 4 0 3 2
A= 0001 30
30 2 4 3 2
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10.

11.

12.

13.

14.
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. Find bases for the row, column and null spaces of the matrix A defined

in section 1.6, Problem 17. (Note: In this question, F' is a field of four
elements. )

. If Xq,..., X, form a basis for a subspace S, prove that

X17 X1+X2,...,X1+...+Xm

also form a basis for S.

Let A = [ (; ll) (1: ] . Find conditions on a, b, ¢ such that (a) rank A =

1; (b) rank A = 2.
[Answer: (a) a =b = c¢; (b) at least two of a, b, ¢ are distinct.]

Let S be a subspace of F™ with dim .S = m. If X4,..., X,, are vectors
in S with the property that S = (Xy,..., X;,), prove that X ..., X,,
form a basis for S.

Find a basis for the subspace S of R? defined by the equation
r+2y+32=0.

Verify that Y; = [~1, —1, 1]t € S and find a basis for S which includes
Y;.

Let Xy,..., X, be vectors in F". If X; = X, where i < j, prove that
X1,...X,, are linearly dependent.

Let Xi,..., X;n41 be vectors in F™. Prove that
dim (X1, ..., Xpmt1) = dim (X5, ..., X;n)
if X;n41 is a linear combination of X;,..., X,,, but
dim (X1q,..., Xpt1) =dim (Xy, ..., X)) + 1

if X,u41 is not a linear combination of Xy, ..., X,,.

Deduce that the system of linear equations AX = B is consistent, if
and only if
rank [A|B] = rank A.
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16.

17.

18.

19.
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. Let ai,...,a, be elements of F, not all zero. Prove that the set of
vectors [r1,...,2,])! where x1,...,z, satisfy

a1x1 + -+ apry =0
is a subspace of F'™ with dimension equal to n — 1.
Prove Lemma 3.2.1, Theorem 3.2.1, Corollary 3.2.1 and Theorem 3.3.2.
Let R and S be subspaces of F", with R C S. Prove that
dim R < dim S

and that equality implies R = S. (This is a very useful way of proving
equality of subspaces.)

Let R and S be subspaces of F™. If RU S is a subspace of F™, prove
that RC Sor S CR.

Let X1,..., X, be a basis for a subspace S. Prove that all bases for .S
are given by the family Y7,...,Y,, where

.
Y=Y ayX;,
j=1

and where A = [a;;] € My, (F) is a non-singular matrix.



