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Chapter 2

MA TRICES

2.1 Matrix arithmetic

A matrix overa eld F is arectangular array of elemerns from F. The sym-
bol Mmen(F) denotesthe collection of all m £ n matrices over F. Matrices
will usually be denoted by capital letters and the equation A = [a;; ] means
that the elemert in the i{th row and j{th column of the matrix A equals
ajj . It is also occasionally corveniert to write aj = (A)j . For the presen,
all matrices will have rational ertries, unlessotherwise stated.

EXAMPLE 2.1.1 The formulaa; = 1=(i+j)for1- i- 3;1- j - 4
de nesa 3£ 4 matrix A = [g; ], namely
2111 13
2 3 4 5
A=§% P %
11 11
2 5 6 7

DEFINITION 2.1.1 (Equalit y of matrices) Matrices A andB aresaid
to be equal if A and B have the samesize and corresponding elemeris are
equal;that isA and B 2 Mnhen(F) and A = [g; |; B = [b; ], with a; = by
fori.- i- my1l-j- n.

DEFINITION 2.1.2 (Addition of matrices) Let A = [aj] and B =
[bj ] be of the same size. Then A + B is the matrix obtained by adding
corresponding elemens of A and B that is

A+ B =[aj]+[b]=[a + byl

23
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DEFINITION 2.1.3 (Scalar multiple of a matrix) Let A = [a;] and
t 2 F (that ist is a salar). Then tA is the matrix obtained by multiplying
all elemerns of A by t; that is

tA = tla; ] = [taj ]:

DEFINITION 2.1.4 (Additiv e inverse of a matrix) Let A = [a;] .
Then j A is the matrix obtained by replacing the elemers of A by their
additiv e inverses;that is

i A= l@]=1T al

DEFINITION 2.1.5 (Subtraction of matrices) Matrix subtraction is
de ned for two matrices A = [a;] and B = [b;] of the samesize, in the
usual way; that is

Aji B=1[aj]i [j]=[aj i byl

DEFINITION 2.1.6 (The zero matrix) For eadh m; n the matrix in
Mmen(F), all of whoseelemeris are zero, is called the zer matrix (of size
m £ n) and is denoted by the symbol 0.

The matrix operations of addition, scalarmultiplication, additiveinverse
and subtraction satisfy the usual laws of arithmetic. (In what follows, s and
t will be arbitrary scalarsand A; B; C are matrices of the samesize.)

1. A+B)+C=A+(B+C)

2.A+B=B+A;

3.0+ A=A;

4, A+ (i A)=0;

5. (s+t)A=sA+tA, (sj t)A=sAj tA;
6.t(A+B)=tA+1tB, t(Aj B)=tA| tB;
7. s(tA) = (st)A,;

8.1A=A, OA=0, (i A= A;
9.tA=0) t=00orA=0.

Other similar properties will be usedwhen needed.
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DEFINITION 2.1.7 (Matrix product) Let A = [a;j] be a matrix of
sizem £ n and B = [bk] be a matrix of sizen £ p; (that is the number
of columns of A equalsthe number of rows of B). Then AB isthe m£ p
matrix C = [ck] whose(i; k){th elemern is de ned by the formula

X0
Ck = aj bk = ajrbik + CCC+ @y, by
j=1
EXAMPLE 2.1.2
1'12’ 5 6° _  1£5+2£7 1£6+2£8° _ 19 22°
3 4 7 8 = 3£5+4£7 3£6+4£8 43 50
2'56’ 12’_'2334°6'12°'56°_
" 78 34 ~ 31 46 34 78"
1€, ®_ 34
3., 34 = [ g
£ c'1= £ o
4.3 4 =11
2
5'1i1"1i1’_'00’
11 1 i1 00~

Matrix multiplication obeys many of the familiar laws of arithmetic apart
from the commutativ e law.

1. (AB)C = ABC)Iif A;B;Carem£ n; nE p; pE q, respectively;
2. t(AB) = (tA)B = A(tB), A(i B)=(j A)B = (AB);

3. (A+B)C=AC+BCifAandB arem£E£ nandCisng£ p;

4. D(A+B)=DA+DBifAandB arem£ nandD ispf m.

We prove the assaiative law only:
First obsene that (AB)C and A(BC) are both of sizem £ q.
Let A = [a;]; B = [B«]; C = [ca]. Then 0 .
xXP xr X

(AB )ik Cxi = @  ajbhA cq
k=1 k=1 j=1

XX

((AB)C);

ajj ke
k=1 j=1
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Similarly
XX
(A(BQC)); = ajj b kCu:
j=1 k=1
However the double summations are equal. For sums of the form
XX X x
dj K and dj Kk
j=1 k=1 k=1 j=1

represen the sum of the np elemerts of the rectangular array [d;«], by rows
and by columns, respectively. Consequetly

((AB)C); = (A(BC)),
forli- i- my1l- |- g Hence(AB)C = A(BC).

The systemof m linear equationsin n unknowns

ayiXy + apXo + €0C+ a;pnXy, = by
a1X1+ apXo + C¢+ axxn = by
ami1X1 + amaXz2 + ¢C¢+ ampnXn = by

is equivalent t02a single matrix equation

32 3 2 3
a;;  app ¢ ag X1 by

58 SR

a.m 1 a.m 2 ¢¢¢ amn Xn bm

that i§AX 3 B, where A = [a; ] is the coexcient rQatrix gf the system,
X1

X o7}
X = E _2 z is the vector of unknownsand B = E ) z is the vector of

Xn bm

constants.
Another useful matrix equation equivalent to the above systemof linear
equationsis2

3 2 2 2 3
any a12 by
any ap o7}
X1 : + Xo + CCC+ X = : :
am1 am?2 bm
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EXAMPLE 2.1.3 The system

x+y+z = 1
Xiy+t+z = 0
is equivalert to the matrix equation
2 3
: s X
1 11 4y5-= 1
111 0
z
and to the equation
« 1 N 1’+Z 1" 1
1 7Y 1 - 0

2.2 Linear transformations

An n{dimensional column vector is an n £ 1 matrix over F. The collection
of all n{dimensional column vectorsis denotedby F".

Every matrix is assaiated with an important type of function called a
linear transformation.

DEFINITION 2.2.1 (Linear transformation) With A 2 Mpen(F), we
assaiate the function Tp : F" ! F™ dened by Ta(X) = AX for all
X 2 F". More explicitly, using componerts, the above function takesthe
form

y1 = apXi+ apXz+ ¢+ anXxy
Yo = agiXi+ agXz+ C0C+ axh Xy
Ym =  8miX1t+ amaXz + ¢CC+ amp Xn;

whereys; yo; ¢¢¢; y,, are the componerts of the column vector Ta (X).

The function just de ned hasthe property that
Ta(sX +tY) = sTa(X) + tTa(Y) (2.1)
for all s;t 2 F and all n{dimensional column vectors X; Y. For

Ta(SX + tY) = A(SX + tY) = S(AX ) + t(AY) = sTa(X) + tTa(Y):
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REMARK 2.2.1 It is easyto prove that if T : F" I F™ is a function
satisfying equation 2.1, then T = Ta, where A is the m £ n matrix whose

columns are T(E1);:::; T(En), respectively, where Eq;:::;E, are the n{
dimensional unit vectors de ned by
2 3 2 3
1 0
0 0
Ei=6 .7, it ;En=06 . (:
0 1

One welfknown example of a linear transformation arises from rotating
the (x; y){plane in 2-dimensional Euclidean space,anticlo ckwise through u
radians. Here a point (x; y) will be transformed into the point (X1; y1),
where

X1 X COSHLj ysinp

Y1 = XSinp+ ycos

In 3{dimensional Euclidean space,the equations

X1 = XCOSUj YSINWK y1 = XSiNU+ yCcosy, z; = Z;
X1 = X; Y1 = ycosAj zsinA; z; = ysinA+ zcosA;

X1 = XCosA| zsinA; y1 = y; z1 = xsinA+ zcosA;

correspond to rotations about the positive z; x; y{axes, anticlo ckwisethrough
i A; A radians, respectively.

The product of two matrices is related to the product of the correspond-
ing linear transformations:

If Aism£ nandB isn£ p, then the function ToTg : FP! F™, obtained
by ‘rst performing Tg, then T, is in fact equalto the linear transformation
Tag . Forif X 2 FP, we have

TaTe(X) = A(BX) = (AB)X = Tas (X):

The following example is useful for producing rotations in 3{dimensional
animated design. (See[27, pages97{112].)

EXAMPLE 2.2.1 The linear transformation resulting from successiely
rotating 3{dimensional spaceabout the positive z; x; y{axes, anticlo ckwise
through ; A; A radians respectively, is equal to Tag ¢, where
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@
i @ (X1;Y1)

Figure 2.1: Re®ection in a line.

2 ) 3 2 3
cosp j sinp O 1 O 0
C=4 sinp cosp 09, B=40 cosA j sinA>.
0 0 1 0 sinA  cosA

~ -~ 3
cosA 0 j sinA
A=4 0 1 0 5,

sinA 0 cosA
The matrix AB C is quite complicated:
~ . 32
cosA 0 j sinA cosp i sinu 0
ABC)=4 0 1 0 54 cosAsinp cosAcosp j sinA S
sinA 0 cosA sinAsinu  sinAcosp cosA

cosA cosptj sinAsinAsinp | cosAsinpj sinAsinAsinp j sinAcosA
=4 cosAsinp cosAcosp i sinA 5,
sinAcosp+ cosAsinAsinu j sinAsinp+ cosAsinAcosp  cosA cosA

EXAMPLE 2.2.2 Another exampleof alinear transformation arising from
geometry is re°ection of the plane in a line | inclined at an angle u to the
positive x{axis.

We reducethe problem to the simpler caseu = 0, where the equations
of transformation are x; = x; y1 = j y. First rotate the plane clockwise
through u radians, thereby taking | into the x{axis; next re°ect the planein
the x{axis; then rotate the plane anticlo ckwise through p radians, thereby
restoring | to its original position.
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@ i
G (x1:y1)

Figure 2.2: Projection on a line.

In terms of matrices, we get transformation equations

5

X1 _ ' cosy j sinp’ 1 0 cos(j W) i sin(j W ° '
yp sinp cosp 0 j1 sin(jW  cos(i b y
_ cosy  sinp’ cosy sinp’  x°
- Sinp | cosp i sing cosp y

' cos2u  sin2u’ x
sin2u j cos2u y

The more generaltransformation

X1 _, COSW j sinp x .o . as o

Y1 sing  cosp y Vv
represens a rotation, followed by a scalingand then by a translation. Such
transformations are important in computer graphics. See[23, 24].

EXAMPLE 2.2.3 Our last exampleof a geometricallinear transformation
arisesfrom projecting the plane onto a line | through the origin, inclined
at angle u to the positive x{axis. Again we reduce that problem to the
simpler casewhere | is the x{axis and the equations of transformation are
X1= X y1=0.

In terms of matrices, we get transformation equations

' X1 - cosp isinu" 10 cos(j W) isin(;u)" X’
Y1 sing  cospu 00 sin(j W cos(j W y
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' cosy 0° COoSsH sinu" X
sinp 0O i sing cosu y

cogpu cospsinp® x °
sinpcosy sinPpy

2.3 Recurrence relations

DEFINITION 2.3.1 (The identity matrix) The n£ n matrix |, =
[4], denedby £ = 1ifi=j; & = 0ifi 6 j,iscalledthe n£ n identity
matrix of order n. In other words, the columns of the identity matrix of
order n are the unit vectors Ej; ¢¢¢; E,, respectively.

10"
For example, 1, = 01

THEOREM 231 If Aism£ n,then A= A= Al,.

DEFINITION 2.3.2 (k{th power of a matrix) If Aisann£ n matrix,
we de ne AX recursively asfollows: A° = I, and A*1 = AKA for k, 0.

For example Al = ACA = |,A = A and henceA? = A'A = AA.
The usual index laws hold provided AB = BA:
1. AMAN = AM*N - (AM)N = AMN.
2. (AB)" = ANBN:
3. AmMB" = B"A™;
4. (A+ B)%2= A%+ 2AB + B?;
5 (A+ B)"= X i?¢A‘B”i '
i=0
6. (A+B)Ai B)= A?j B2
We now state a basic property of the natural numbers.

AXIOM 2.3.1 (PRINCIPLE OF MA THEMA TICAL INDUCTION)
If for eachn , 1; P, denotesa mathematical statementand

(i) Py is true,
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(i) the truth of P,, implies that of P41 for eachn | 1,

then Py is true for all n, 1.

EXAMPLE 2.3.1 LetA= g ) g : Prove that
[ i

"1+ 6n 4n .
n — .
A = ion 1; 6n ifn, L

Solution. We usethe principle of mathematical induction.

Take P, to be the statemert

“1+6n  4n
n —
AT = ion 1 6n

Then P, assertsthat

Al—. 1+6£1 4£1 °_ 7 4°

T j9£1 1i6£1 -~ {9 5
which istrue. Now let n , 1 and assumethat Py is true. We have to deduce
that

A”*l—. 1+6(N+1) 4n+1) °_ 7+6n 4n+4
a i9n+1) 1j6(n+1) ~ i9MNj9 j5 6n
Now
AN = ATA _
_ 1+ 6n 4n 7 4°
- ion 1 6n i9 5

(1+6nM)7+ (4n)(i 9) (1+ 6n)d+ (4n)(j 5) °
97+ (1i 6en)(i 9) (i On)4+ (Li 6n)(i 5)

7+6n  4n+4 "
io9nj 9 j5i 6n
and \the induction goesthrough".

The last example has an application to the solution of a system of re-
currence relations:
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EXAMPLE 2.3.2 The following system of recurrencerelations holds for
alln, O:

Xn+1 =  Xp + 4yy
Ynt1 = i Xni Syn:

Solve the systemfor x,, and y, in terms of xo and yp.

Solution . Combine the above equationsinto a single matrix equation

Xn+]_ ? _ 7 4 ? Xn : .
Yn+1 i9 i5 Yn '
_ 7 4 X
or Xn+1 = AXp, whereA = 9 15 and X, = Vi

We seethat

X]_ = AXO
X, = AX1= A(AX() = A%Xg

Xn = A"y

(The truth of the equation X, = A"Xg for n , 1, strictly speaking
follows by mathematical induction; however for simple casessuc as the
above, it is customary to omit the strict proof and supply instead a few
lines of motivation for the inductiv e statemert.)

Hencethe previous example gives

5

Xn :Xn:'1+6n an "xo’
Yn i9n 1 6n Yo
(14 6n)xo+ (4n)yo

(i 9N)xp+ (1 6Nn)yo

5

and hencex, = (1+ 6n)xg+ 4nyg and yn, = (j 9n)xo+ (1 6n)yg, forn, 1.

2.4 PROBLEMS

1. Let A; B; C; D be matrices de ned by
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2-3 .13 .

i3 s

c=4 2 15;: D= 4l
4 3 2 0

Which of the following matrices are de ned? Compute those matrices
which are de ned.

A+B:A+ C;AB:BA; CD;DC; D%

[Answers: A + C; BA; CD; D?;

2 3 2 3 2 3
0 i1 0 12 i 14 3 14 14
41 35: 4 ;4 25 4 10 25, 8!2.]
5 4 i 10 5 22 i 4 '
_j10 1° L ~
2. Let A= 01 1 . Show that if B isa 3£ 2 such that AB = |5,
then 2 3
a b
B=4;aj1 1i b5
a+1 b

for suitable numbers a and b. Use the assaiative law to show that
(BA)’°B = B.

3. IfA=

o

db , prove that A% (a+ d)A+ (adj bgl, = 0.

4 i 3°
1 0
induction, to prove that

4. If A = , use the fact A2 = 4A ; 3l, and mathematical

n-l . n .
Gl )A+3'3I2 ifn. 1.

AN =
2 2 ’

tion Xp+1 = axp+ bX,; 1 forn, 1, wherea and bare constarts. Prove
that

Xn+l  _ A Xn
Xn Xnj 1
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& D nd henceexpress ™! in terms of
10 Xn X0
If a= 4and b= j 3, usethe previous questionto nd a formula for

Xn in terms of x; and Xg.

where A =

[Answer:

X S lx+3i 3nX']
n— 2 1 2 0-

2a ja’’

6. Let A = 1 0

(a) Prove that

an=  (n*Dat o jna™ ifn, 1
na"it  (1j n)a" >
(b) A sequencep; X1;:::;Xn;:::satis esthe recurrencerelation xp+1 =

2axn | a’xp; 1 forn, 1. Usepart (a) and the previous question
to prove that x, = na"i x; + (1 n)a"xo forn, 1.
a q and supposethat , ; and , , are the roots of the

quadratic polynomial x?j (a+ d)x+ adj bc (, 1 and , » may beequal.)
Let ky, bedened by ko= 0;k; = 1andforn, 2

7. Let A =

X njpi ij1l
kn = R
i=1

5

Prove that
Kn+1 = (124 ,2)Kni , 1, 2Knj 15

if n, 1. Also prove that
Y

k= Grin2)=ai2) .16,
" n, 3t if,1=,2
Use mathematical induction to prove that if n, 1,

A" = knAi |1, 2kn; 1l 2

[Hint: Usethe equation A2= (a+ d)Aj (adj bgls.]
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8. Use Question 7 to prove that if A = ; i , then
3 11 GLYWL ;1 1
n__
AlE5 11 YT 11

if n, 1.

9. The Fibonacci numbers are de ned by the equationsFo = 0; F; = 1
and Fhy1 = Fp+ Fp, 1if n, 1. Prove that
AA ! A .
1 1+ " g P "
2 ! 2

if n, O.

10. Let r > 1 be an integer. Let a and b be arbitrary positive integers.
Sequencex, and y, of positive integersare de ned in terms of a and
b by the recurrencerelations

Xn+l = Xp* Iy
Yn+1 = Xn t Yn;
forn, O,wherexpo= aandyp= h.
Use Question 7 to prove that
X P
Yn

r asn! 1:

2.5 Non{singular matrices

DEFINITION 2.5.1 (Non{singular  matrix)

A square matrix A 2 Mpen(F) is called non{singular or invertible if
there existsa matrix B 2 Mpgn(F) such that

AB =1, = BA:

Any matrix B with the above property is called an inverse of A. If A does
not have an inverse,A is called singular.
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THEOREM 2.5.1 (In verses are unique)

If A hasinversesB and C, then B = C.

Pro of. Let B and C be inversesof A. Then AB = |, = BA and AC =
I, = CA. ThenB(AC) = Bl, =B and(BA)C = I,C = C. Hencebecause
B(AC) = (BA)C, we deducethat B = C.

REMARK 2.5.1 If A hasan inverse,it is denotedby Ai 1. So
AAT =1, = Al A
Also if A is non{singular, it follows that Ai ! is also non{singular and
(AThil= A

THEOREM 2.5.2 If A and B are non{singular matrices of the samesize,
then sois AB. Maoreover

(AB)i 1= BiIAl L
Pro of.
(AB)BI A Y= ABB  HAI L= A, AT 1= AAT L= |

Similarly
(Bi TAI H)(AB) = I,

REMARK 2.5.2 The above result generalizesto a product of m non{
product Aq:::Ap is alsonon{singular. Moreover
(Ar:iAp)it= ALl AL

(Thus the inverseof the product equalsthe product of the inversesin the
reverseorder.)

EXAMPLE 2.5.1 If A and B are n £ n matrices satisfying A2 = B2 =
(AB)? = I, prove that AB = BA.

Solution . AssumeA? = B2 = (AB)? = |,. Then A; B; AB are non{
singularand Ail= A; Bil=B; (AB)i 1= AB.
But (AB)i 1= Bi 'Ai 1 and henceAB = BA.
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EXAMPLE 252 A= 411 g is singular. For supposeB =

is an inverseof A. Then the equation AB = |, gives

(@I

b°
d

5 ’ 1 O 5

a
(o 01

1 2 b’ _
4 8 d
and equating the corresponding elemerts of column 1 of both sidesgivesthe
system

a+t2c = 1
4a+8 = O
which is clearly inconsistent.
THEOREM 253 Let A = i g and ¢ = adj bc6 0. Then A is
non{singular. Also ,
Ai 1 - ¢ i 1 d l b ’ .
jc a

REMARK 2.5.3 The expressionad j —bcis called the determinant of A

and is denoted by the symbols detA or :i b -

d
. . _ .1 dibT .
Pro of. Verify that the matrix B = ¢ i . satis es the equation
I
AB = |, = BA.
EXAMPLE 2.5.3 Let
2 3
010
A=400 15:
500

Verify that A% = 5l3, deducethat A is non{singular and 'nd Ai .

Solution . After verifying that A3 = 5|3, we notice that

m, 1 V|
1 1
A ZAZ =|3= ZA? A:
5 37 5

HenceA is non{singular and Ai 1 = 1AZ2,
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THEOREM 2.5.4 If the coexcient matrix A of a system of n equations
in n unknowns is non{singular, then the system AX = B hasthe unique
solution X = Ai 1B.

Pro of. Assumethat Ai 1 exists.

1. (Uniqueness.) Assumethat AX = B. Then

(AT tA)X = AIlB;
I.X = AilB;
X = AilB:
2. (Existence.) Let X = Ai 'B. Then
AX = A(A''B)= (AAT1HB =1,B = B:

THEOREM 2.5.5 (Cramer's rule for 2 equations in 2 unkno wns)

The system
ax+hy = e
cx+dy = f
. o —a b-
has a unique solution if ¢ = — q —6 0, namely
_ ¢ _ ¢
X = ¢ 1 y_ ¢ 1
where _ — -
__F¢ _ _—a e
¢q,= fod and ¢, = c ot
a b’ :
Pro of. Suppose¢ 6 0. Then A = c d hasinverse
Ai 1_ ¢ il d | b
i C
and we know that the system
x* e’
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has the unique solution

5 5

X Al € 1l dijb” e’

y f ~ ¢ jc a f
_ i dej bfb_i ¢1>_ ¢1=¢’_
T ¢ jcetaf ¢ ¢, ¢ ,= '

Hencex = ¢ 1=C ; y = ¢ ,=C.
COR OLLAR Y 2.5.1 The homogeneoussystem

ax+by = 0
0

cx + dy
. . _—a b-
has only the trivial solution if ¢ = e d —6 0.

EXAMPLE 2.5.4 The system

7x+ 8y = 100
2xi 9 = 10
has the unique solution x = ¢ 1=¢ ; y = ¢ ,=¢, where
_-7 8-_ _.. _-100 8-_ _ =7 100—_
¢ = 2i9—|79,¢1— loi9—|98q¢2— 5 lo—.130

— 980 — 130
Sox = Z5 andy = Z5.

THEOREM 2.5.6 Let A be a square matrix. If A is non{singular, the
homogeneoussystem AX = 0 has only the trivial solution. Equivalently,
if the homogenoussystem AX = 0 has a non{trivial solution, then A is
singular.

Pro of. If A is non{singular and AX = 0, then X = Ai10= 0.
REMARK 254 If Anp;:::; Aan denotethe columnsof A, then the equa-
tion
AX = X1Ao1 + i1+ XpAan
not all zem, suc that

X1Aa1 + i+ XpAan = 0
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that is, if the columns of A are linearly dependent, then A is singular. An
equivalent way of saying that the columnsof A arelinearly dependen is that
one of the columns of A is expressibleas a sum of certain scalar multiples
of the remaining columns of A; that is one column is a linear combination
of the remaining columns.

EXAMPLE 255

g W

2
A:4

Wk R
> KNown
NP ow

is singular. For it canbe veri ed that A has reducedrow{echelon form

2 3
101

401 15
000

and consequetly AX = 0hasanon{trivial solutionx=j 1L,y=j 1 z= 1.

REMARK 2.5.5 More generally if A is row{equivalert to a matrix con-
taining a zerorow, then A is singular. For then the homogeneoussystem
AX = 0 hasa non{trivial solution.

An important classof non{singular matrices is that of the elementary
row matrices

DEFINITION 2.5.2 (Elemen tary row matrices) Therearethreetypes,
Ejj ; Ei(t); Ej (t), corresponding to the three kinds of elemerary row oper-
ation:

1. Ejj; (i & ) is obtained from the identity matrix |, by interchanging
rowsi andj.

2. Ei(t); (t & 0) is obtained by multiplying the i{th row of I by t.

3. Ejj (t); (i 6 j) is obtained from I, by adding t times the j{th row of
Ih to the i{th row.

EXAMPLE 2.5.6 (n= 3.

2 3 2 3 2 3
100 1 00 10 0
E23=40 0 15;E(i1)=40 1 05;E(j1)=401 15
010 0 01 00 1
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The elemenary row matrices have the following distinguishing property:

THEOREM 2.5.7 If amatrix A is pre{multiplied by an elemenary row{
matrix, the resulting matrix is the one obtained by performing the corre-
sponding elemenary row{op eration on A.

EXAMPLE 2.5.7
2

g W

3 2
5=4

1
AN
o oR
g W
AN
® 0 9

b
d
f

o ™o

a b
E234 c d
e f

r OO
o r O
O 9

COR OLLAR Y 2.5.2 The threetypesof elemenary row{matrices are non{
singular. Indeed

1. Ej = Ej;
2. El H(t) = Ei(ti b);
3. (Ej (1)1 1= Ejj (i v).

Pro of. Taking A = I, in the above theorem, we deduce the following
equations:

EijEj = In
Ei(DEi(t' 1)
Eij (Ej (i t)

Ei(t l)Ei(t) ifté 0
Eij (i DE; (1):

In

In

EXAMPLE 2.5.8 Find the 3£ 3 matrix A = E3(5)E23(2)E12 explicitly.
Also nd Ail

Solution .

g W

I
AN
[l )

3 2
5= E3(5) 4

OO
o o
= N O
o o
g1 N O

2

010

A= E35)Ex»s(2)41 00
001

Tond Ai 1, wehave

Ail = (E3(5)E23(2)E 1)) !
= Ei; (E2s(2)' *(E3()*
= E12E23(i 2)E3(5i 1)
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2 3
100
= EpExp(i240 1 03
00 %
2 3 2 , 3
10 O 012
:E12401i§5:410 05
00 £ o0 1§

REMARK 2.5.6 Recallthat A and B are row{equivalert if B is obtained

respective corresponding elemenary row matrices, then
B = Er (:::(E2(E1A)) i) = (Er:iiE1)A = PA;

where P = E, :::E; is non{singular. Converselyif B = PA, where P is
non{singular, then A is row{equivalert to B. For aswe shall now see,P is
in fact a product of elemenary row matrices.

THEOREM 2.5.8 Let A be non{singular n £ n matrix. Then
(i) A is row{equivalent to Iy,

(i) A is a product of elemerary row matrices.

Pro of. Assumethat A is non{singular andlet B bethe reducedrow{echelon
form of A. Then B has no zero rows, for otherwise the equation AX = 0
would have a non{trivial solution. Consequetly B = | ,.

Er(:::(E1A):::) = B = I, and hence A = Ei':::Ej %, a product of
elemenary row matrices.

THEOREM 2.5.9 Let A ben£ n and supposethat A is row{equivalent
to Ih. Then A is non{singular and Ai ! can be found by performing the
samesequenceof elemerary row operations on |, as were usedto corvert
Ato l,.

Pro of. Supposethat E;:::E;A = |,. In other words BA = |,, where
B = E,:::E; is non{singular. Then Bi }(BA) = Bill, and soA = Bi 1,
which is non{sinpularq:

Also Ail= "Bil"*=B = E, ((:::(E1ln):::), which shovs that Ai !
is obtained from |, by performing the same sequenceof elemerary row
operations as were usedto corvert A to I,.

il
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REMARK 2.5.7 It follows from theorem 2.5.9that if A is singular, then
A is row{equivalent to a matrix whoselast row is zero.

EXAMPLE 2.5.9 Shaw that A = 1 i is non{singular, nd Ai ! and

expressA asa product of elemeriary row matrices.
Solution . Weform the partitione d matrix [Ajl 2] which consistsof A followed

by 12. Then any sequenceof elemenary row operations which reducesA to
I, will reducel, to Ai 1. Here

. 12|10"

12 10°
R2! Rai Ry 0;1‘;11

1211 o0°
Ro! (i DRz 0 1 } 11

101 i1 2°
Ri! Riji 2R, 01"1i1

HenceA is row{equivalert to 1, and A is non{singular. Also

Ail= | :1L i i :
We also obsene that
E12(i 2)E2(i 1E21(i DA = Iz
Hence

Ail
A

E12(i 2)E2(i 1E21(i 1)
E21(D)E2(i 1)E12(2):

The next result is the corverseof Theorem 2.5.6and is useful for proving
the non{singularity of certain typesof matrices.

THEOREM 2.5.10 Let A be an n £ n matrix with the property that
the homogeneoussystem AX = 0 hasonly the trivial solution. Then A is
non{singular. Equivalertly, if A is singular, then the homogeneoussystem
AX = 0 hasa non{trivial solution.
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Pro of. If A is n £ n and the homogeneoussystem AX = 0 has only the
trivial solution, then it follows that the reduced row{echelon form B of A
cannot have zero rows and must therefore be I ,. HenceA is non{singular.

COR OLLAR Y 2.5.3 Supposethat A and B aren £ n and AB = I,.
Then BA = |,.

Pro of. Let AB = |,, where A and B aren £ n. We rst showv that B
is non{singular. AssumeBX = 0. Then A(BX) = A0= 0,so(AB)X =
0; InX = 0and henceX = 0.

Then from AB = |, we deduce(AB)Bi*=1,Bi ! and henceA = Bi 1.
The equation BBi ! = |, then givesBA = |,,.

Beforewe give the next exampleof the above criterion for non-singularity,
we introduce an important matrix operation.

DEFINITION 2.5.3 (The transp ose of a matrix) Let Abeanmé£n
matrix. Then A!, the transposeof A, is the matrix obtained by interghanging
the rows and columns of A. In other words if A = [a; ], then At TR

Consequetly Atisn£ m.

The transposeoperation hasthe following properties:

. iAtq:t = A;

. (A8 B)'=A'8§ B'if AandB arem £ n;

1

2

3. (sA)! = sAl if sis a scalar;

4. (AB) = B'Atif AismE£nandB isn£ p;
5

. If A is non{singular, then At is also non{singular and

We prove only the fourth property. First ched that both (AB)! and B!A!
have the same size (p £ m). Moreover, corresponding elemeris of both
matrices are equal. For if A = [a; ] and B = [lj], we have

i ¢

(AB)", (AB),

X0

= ajj bk
j=1
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=1

- lBtAtq:

ki -
There aretwo important classef matricesthat canbe de ned concisely
in terms of the transposeoperation.

DEFINITION 2.5.4 (Symmetric matrix) A realmatrix A iscalledsym-
metric if A' = A. In other words A is square(n £ n sa) and a;; = a; for
all- i- n;1-j- n.Hence

_a b’
A= b¢
is a general2 £ 2 symmetric matrix.

DEFINITION 2.5.5 (Skew{symmetric matrix) A realmatrix A iscalled

skew{symmetricif At = | A. In other words A is square(n £ n sa) and
aij=ja foralll- i- n;1-j- n.
REMARK 2.5.8 Takingi = j in the de nition of skew{symmetric matrix
givesa; = j a; and soa; = 0. Hence
0 b
A= ib o

is a general2 £ 2 skew{symmetric matrix.
We can now state a second application of the above criterion for non{
singularity.
COR OLLAR Y 2.5.4 Let B bean n £ n skew{symmetric matrix. Then
A =1, i B isnon{singular.
Proof. Let A= 1, B, whereB!=j B. By Theorem 2.5.10it su*cesto
show that AX = 0 implies X = 0.
Wehave (I, B)X = 0,s0X = BX. HenceX!'X = X'BX.
Taking transposesof both sidesgives
(XBX) = (XX)!
XtBt(Xt)t — Xt(xt)t
X'(i B)X XX
i X'BX = X'X =X'BX:
HenceX'X = j XX and XX = 0. But if X = [x1;:::;Xn]!, then XX =
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2.6 Least squares solution of equations

Suppose AX = B represens a system of linear equations with real coez-
cients which may be inconsistert, becauseof the possibility of experimental
errors in determining A or B. For example,the system

x = 1
y = 2
x+y = 3001

is inconsistert.
It can be proved that the assaiated system A'AX = A!B is always
consistent and that any solution of this systemminimizesthe sumr?+ :::+

ri=aj X1+ i+ anXni b;

normal equations corresponding to the system AX = B and any solution
of the system of normal equations is called a least squaes solution of the
original system.

EXAMPLE 2.6.1 Find a least squaressolution of the above inconsisten
system.

2 3 2 3
10 ' X’ 1
Solution . HereA=4 0 15;X = y ;B=4 2 5
1211 ; 3 3:001
10 1° 2 1°
Then A'A 011 i) 1 1 2
Also A'B = é (1) i 4 2 5= gfggi
3:001 '
Sothe normal equationsare
2xX+y = 4001
X+ 2y = 5001
which have the unique solution
3:001 6:001

3 3
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EXAMPLE 2.6.2 Points (X1; y1);:::;(Xn; Yn) are experimentally deter-
mined and should lie on aline y = mx + c¢. Find a least squaressolution to
the problem.

Solution . The points have to satisfy

mxi+cC = ¥
MmX,+C = VYp;
or AX = B, where
2
X1 1 Y1
a=8: :&ix= T ;B=§
Xn 1 Yn

The normal equationsare given by (A'A)X = A'B. Here

2 3
. s X1 1 . 2 2 s
th = X1 111 Xp . L X IIIEXR Xyt il Xy
AA 1 01 9: :EZ’ X1+ 1+ Xp n
Xn 1
Also
3
"X "'x’gyl .xy+---+xy’
th — 1 0 Xn oL iyr+ 1 nyn .
AB= 1 ... 1 :g_ yi+ i+ Yy '
Yn
It is not ditcult to prove that
X
¢ = det(A'A) = xii %)%
1-i<j - n
which is positive unlessx; = ::: = X,. Henceif not all of x1;:::;x, are

equal, A'A is non{singular and the normal equationshave a unique solution.
This can be shown to be

1 X 1 X
s i x)(0ii y)ie= o (Xiyj i Xpyi(Xii xj):

1 if - n 1. ijp - n

m

REMARK 2.6.1 The matrix A'A is symmetric.
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2.7 PROBLEMS

1. Let A = ; ‘11' . Prove that A is non{singular, 'nd Ail and
i
expressA asa product of elemenary row matrices.

5

L
[Answer: Ail= 13 |
13

G-l

A = E21(j 3)E2(13)E12(4) is one such decompposition.]

2. A squarematrix D = [d; ] is called diagonalif d = Ofori 6 j. (That
is the o®{diagonal elemeris are zero.) Prove that pre{multiplication
of a matrix A by a diagonal matrix D results in matrix DA whose
rows are the rows of A multiplied by the respective diagonal elemerts
of D. State and prove a similar result for post{multiplication by a
diagonal matrix.

Also prove that diag(as;:::;an) is singular if & = 0 for somei.
2 3
0 0 2
3.Let A=41 2 65. Provethat A is non{singular, nd Ail and
3709
expressA asa product of elemenary row matrices.
2 3
i12 7 2
[Answers: Ail=4 2 ;3 15
% 0O O

A = E12E31(3)E23E3(2)E12(2)E13(24)E23(i 9) is one such decompo-
sition.]
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1 2 k 3
4. Find the rational number k for which the matrix A=4 3 1 15
5 35
is singular. [Answer: k = j 3.]
1 27, - . :
5. Provethat A = 2 14 is singular and nd a non{singular matrix

P sud that PA haslast row zero.

6. IF A= é 411 , verify that A2 2A + 13/, = 0 and deducethat
|
All= H(Aj 2y).
2 3
11 1
7.LetA=40 0 15°.
2 1 2

(i) Verify that A% = 3A%; 3A+ Is.
(i) Express A% in terms of A%; A and I3 and hence calculate A*

explicitly .
(i) Use (i) to prove that A is non{singular and 'nd Ai 1 explicitly.
2 3
i1l {8 4
[Answers: (i) A= 6A2j 8A+3I3=4 12 9 45;
20 16 5
2 3
il i3 1
(i) Ait=A2%2; 3A+3I13=4 2 4 j15]
0O 1 o0

8. (i) Let B beann£ n matrix such that B3= 0. If A= 1, B, prove
that A is non{singular and Ai 1 = |, + B + B2,
Show that the systemof linear equationsAX = bhasthe solution

X = b+ Bb+ B2Db:

3
S

2 Or
(i) fB=40 0 t5,verify that B3 = 0and use(i) to determine
000
(Isj B)i * explicitly.
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2
1 r s+rt
[Answer: 4 0 1 t 9]
00 1

9. Let Aben€£ n.

(i) If A%2= 0, provethat A is singular.
(i) 1f A2= A and A 6 |,, prove that A is singular.

10. Use Question 7 to solve the system of equations

X+yjiz = a
Z =
2X+y+2z = ¢

where a; b; ¢ are given rationals. Ched your answer using the Gauss{
Jordan algorithm.

[Answer: x = j aj 3b+ c;y=2a+ 4bj c;z= h]

11. Determine explicitly the following products of 3£ 3 elemenary row
matrices.

(i) E12E23 (i) E1(5)E12 (i) E12(3)E21(i 3) (iv) (E1(100))i ?
(v) Eit (vi) (E1a(7)'  (vi)) (E12(7)E31(1))F L.

2 3 2 3 2 3
001 050 i8 30
[Answers: (i) 4 1 0 05 ()41 0 095 (i) 4i3 1 05
010 001 001
2 3 2 3 2 3 2
00 0 O 010 1 i7 0 1
ivy4 0 1 0541 005nv)40 1 05wi)4 o0
001 001 0 01 i1

~N N

12. Let A be the following product of 4£ 4 elemeriary row matrices:
A = E3(2)E14E42(3):
Find A and Ai 1 explicitly .

2 3 2 3
0301 0 001

o 01002_.1_50 1002
[Answers.A—§0020 Al - = 0 0%0]
1000 1300

= O O
g W
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13.

14.

15.

16.

CHAPTER 2. MATRICES

Determine which of the following matrices over Z, are non{singular
and nd the inverse,where possible.

2 3 2 3
1101 1101
00112 §01112
(a)§1111 ®2, 01 05
1001 1101
2 3
1111
_ 10012
[Answer: (a)g 1010 i
1110

Determine which of the following matrices are non{singular and nd
the inverse,where possible.

2 3 2 3 2 3
111 2 2 4 4 6 i3
@4i1 105 41015 @400 75
2 00 010 00 5
2 3
22 oo3 1246 21233
(d40 ;5 05(e)§01202(f)44565
0 07 0012 57 9
0002
2O 0 1 3 21% ) 3 2% -
[Answers: (@) 4 0 1 gS(b)4 0 0 1540t 0
1§11 il 1 0o 0 3
2 3
1 i2 0 ;3
0 1 ;2 22
(e)go o 1 ;151
o o o 1}

Let A be a non{singular n £ n matrix. Prove that A! is non{singular
and that (AY)i 1= (Ai D)t

Prove that A = 3

o9

has no inverseif adj bc= 0.

[Hint: Usethe equation A2 (a+ d)A + (adj bdl, = 0]

g W
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17.

18.

19.

20.

21.

22.

PROBLEMS 53
2 3
1 a b
Prove that the real matrix A = 4 ja 1 c 9 is non{singular by
ibijc 1

proving that A is row{equivalert to Is.

If Pi 1AP = B, provethat Pi 1A"P = B" forn, 1.
) 2 1 » ' 5 5 5
£z 13 : , > 0
= . = il - 12
Let A g % ;P 14 . Verify that Pi *AP 51
and deducethat
An_}.33>+}uiﬂn. 4i3>.
7 4 4 7 12 i4 3 °
Let A = i g be a Markov matrix; that is a matrix whoseelemeris
arenon{negativeand satisfyat+c= 1= b+d. AlsoletP = E ) i .
|
Prove that if A 6 |, then
(i) P is non{singular and Pi 1AP = 1 0 ’
9 0 a+dj 1 °
) 1 bb’ . 0 1°
np _— [
@iy A1 brc c c asn! 1 ,ifA6 10
2 3 2 3
12 i1
IfX=43 45andY =4 35, nd XX, XX;YYE Yy,
5 6 4
2 3 2 3
5 11 17 35 44° 1 i3 i4
[Answers: 4 11 25 395; 44 56 ;473 9 125:26]
17 39 61 i4 12 16
Prove that the system of linear equations
X+2y = 4
x+y = 5
3X+5 = 12

is inconsistert and nd a least squaressolution of the system.
[Answer: x = 6;y = | 7=6.]
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23.

24,

25.
26.

CHAPTER 2. MATRICES

The points (0; 0); (1; 0); (2; i 1); (3; 4); (4; 8) arerequired to lie ona
parabolay = a+ bx+ cx?. Find a least squaressolution for a; b; c.
Also prove that no parabola passeshrough these points.

[Answer: a= ;b= 2 c=1]

If A is asymmetric n£ n real matrix and B isn£ m, provethat B'AB
is a symmetric m £ m matrix.

If Aism£ nandB isn£ m, prove that AB is singular if m > n.

Let A and B ben£ n. If A or B is singular, prove that AB is also
singular.



