DETERMINANT4

LEMMA 0.1. Let ¥ > 7 be a real number, P,R,€ Z,Q,S € N and
|PS—QR|=4. Then P/Q is a convergent to § = (PO+ R)/(QU+5).

Proof. Let P/Q = [ug,...,u,|, where n is chosen so that PS — QR =
(—=1)"*14. Let p_9,p_1,po,... and q_2,¢_1,qo, ... be the numerators

and denominators of the continued fraction. Then P = p,, Q = ¢, and
an - an =PS— QR = (_1)n+14 = 4(ann—1 - pn—lqn)-

Hence p,(S — 4¢,-1) = qo(R — 4pn_1) and we have S — 4q,_1 = kg,
for some k£ € Z. We assert that ¥ > —3. First let n = 0. Then
S=k>1,asq_1 =0and ¢ = 1. So we assume n > 1. If 4Q) < S,
then kg, =S — 4¢,—1 > 4(¢y — ¢n—1) > 0, and hence k > 0.

If4Q > S, then

_4Qn S —4qn_1 <5 - 4qn_1 S 4(qn - Qn—l) < 4Qn

Hence |k|g, = |S — 4¢n—1] < 4g, and so |k| < 3. Also note that
R — 4p,,_1 = kp,. Hence

PO+ R p,(0+Ek)+4Apat pu(¥+E)/A+ pas
B Qﬁ"i_s B Qn(19+k)+4Qn—1 B qn(19+k)/4+Qn—1.

However as k > —3, we have (J+k)/4 > (9—3)/4 > 1if 9 > 7. Hence

6

Pn/qn is a convergent to 6,

D

REMARK 0.1. We apply this when ¢ = v/D and D =5 (mod 8).
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