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1. Introduction

Suppose ξ0 is NSCF reduced. Then we know ξ0 or ξ0 − 1 is RCF
reduced, say η0. Then an algorithm of Selenius (Theorem 1, [2]) shows
that the NSCF expansion of ξ0 is obtained from the positive–negative
representations of the ηi in jumps of 1 (with corresponding NSCF com-
plete quotient ηi+1) or 2 (with corresponding NSCF complete quotient
ηi+2 + 1. So we can picture the RCF complete quotients as lying on
a circle, with the NSCF complete quotients ξr or ξr + 1 located as a
subsequence of the RCF complete quotients.

If ξ0 is NSCF reduced, we know there exists a NSCF reduced ξ−2.
This will be a special surd and either ξ−2 or ξ−2−1 will be either η−2, η−3

or η−4, corresponding to the four possible jump sequences: 1, 1; 2, 1;
1, 2; 2, 2. These are listed in the table below.

The algorithm was superceded by a more elegant one in [3].

2. The algorithm

Case 0. If neither ξ nor ξ−1 is RCF reduced, output ξ is not NSCF
reduced.

ξ = η0 ξ − 1 = η0

Case 1(a) Case 1(b) Case 2(a) Case 2(b)
η−4

η−3 η−3 η−3

η−2 η−2 η−2 η−2

η−1 η−1 η−1 η−1

η0 η0 η0 η0

Case 1: ξ = η0 is RCF reduced.
(a) Find η−2, get its NSCF successor x say. If ǫ = −1, go to Case

1(b); otherwise test η−2 to see if it is special. If not, go to Case 1(b);
otherwise get the NSCF successor of x - say y and check that it’s equal
to ξ. If not, go to Case 1(b); otherwise output that ξ is NSCF reduced
and x is a semi-reduced predecessor of ξ.
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(b) Find η−3, get its NSCF successor x say. If ǫ = 1, output ξ is
not NSCF reduced; otherwise test η−3 to see if it is special. If not,
output ξ is not NSCF reduced; otherwise get the NSCF successor of x

- say y and check that it’s equal to ξ. If not, output ξ is not NSCF
reduced; otherwise output that ξ is NSCF reduced and x is a semi-
reduced predecessor of ξ.

Case 2: ξ − 1 = η0 is RCF reduced.
(a) Find η−3, get its NSCF successor x say. If ǫ = −1, go to case

2(b); otherwise test η−4 to see if it is special. If not, go to case 2(b);
otherwise get the NSCF successor of x - say y and check that it’s equal
to ξ. If not, go to Case 2(b); otherwise output that ξ is NSCF reduced
and x is a semi-reduced predecessor of ξ.

(b) Find η−4, get its NSCF successor x say. If ǫ = 1, output that ξ

is not NSCF reduced; otherwise test η−4 to see if it is special. If not,
output that ξ is not NSCF reduced; otherwise get the NSCF successor
of x - say y and check that it’s equal to ξ. If not, output that ξ is not
NSCF reduced; otherwise output that ξ is NSCF reduced and x is a
semi-reduced predecessor of ξ.

We know by Theorem IX, [1] that x is in fact NSCF–reduced, unless

x has the form
p+q+

√

p2+q2

2q
, where p > 2q > 0, in which case x − 1 =

p−q+
√

p2+q2

2q
is the unique NSCF–reduced predecessor of ξ. Note that

this can only occur in Cases 1(b) or 2(b), as
p+q+

√

p2+q2

2q
is not RCF–

reduced and hence cannot result from an initial jump of 1, as would be
the case in Cases 1(a) and 1(c).

3. Examples

ξ0 = 16+
√

624

23
, 16+

√

624

16
, 30+

√

624

12
, 30+

√

624

23
are examples of cases 1(a),

1(b), 2(a), 2(b) respectively.
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