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ABSTRACT. Selenius gave an algorithm for converting the regular continued
fraction (RCF) of v/D into the nearest square continued fraction (NSCF). We
give an similar result for converting the RCF into the nearest integer continued
fraction (NICF).

1. THE STARTING OBSERVATION

Lemma 1. Let & = (ag,a1,...) be an RCF expansion. Then if [x] denoted the
nearest integer to x, we have

an, = [&,] if an only if apyq1 > 1.

Proof.
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and so a,, = [£,].
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2. SELENIUS’ LEMMA

In [3, p.62], Selenius proved the following:

Lemma 2. Let &, be a complete quotient for the RCF expansion of /D, with
positive and negative representations for v > 1:

"
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where by,_1 = |&§,—1]. Then
(1) If b, =1, then
(a) Q;,/ = Q.41 and conversely;
(b) Py = Iy _|;Qy+1. )
(2) Ifb, > 2, then Q,, — Q, > 0 (thus Q, < Q, implies b, =1).

A study of the proof of the lemma reveals that it remains true if £; is a reduced
quadratic irrational or else Qy > 0 and &; is a reduced quadratic irrational.

Selenius then shows how the lemma gives an algorithm for converting the RCF
of /D to its NSCF.

Let &,&;,..., denote the complete NSCF convergents of £, = &. Then if
Q1< Qlll, we choose the positive representation &; = &;, with by = by and €y = 1.

IfQ, > Q/l/, we choose the negative representation
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#7b0:b0+1760:_1'
@

£ =
But by the Lemma, we have b; = 1, Q/{ = @2 and Plﬁ = P, + Q5. Hence

51:W:§2+1

Qs Qs
b+ 14— =by 2 —
P;++vD Py +vD
and by = by + 1 or by + 2. Thus to determine &;, we have to skip over the

representation & =1+ = —CET/E
2

3. OUR SUPPLEMENT TO SELENIUS’ LEMMA

We give a result that gives rise to an algorithm for converting the RCF to the
NICF, similar to the one mentioned above by Selenius.

Lemma 3. Suppose Q,—1 > 0. Then

(3.1) Q.+ Q. <2VD if and only if b, = 1.
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Proof.

by=1 < b1 = [51/71]

Qv Q
= P,+VD ~ P/ +VD
QV(PV _\/5) > QH<P1:/ _ \/5)

—
Pl/2 - -D P;/Q - D
QV(PV - \/5) QN (Pl/// — \/5)
A _Ql/lell ” Qule;’

«~— VD-P,>P, —VD
s 2VD>P,+P,
= 2WD>Q,+Q,.

4. RCF — NICF

Selenius’ algorithm, with the condition QZ < @, replaced by Q, + Q: < 2VD,
enables us to convert the RCF of standard form & = (u + v/d)/v to the NICF. Tt
is assusmed that either &j is reduced, or Qg > 0 and &; is reduced.



KEITH MATTHEWS

k=1
flag=10
jj=-1
f=Vd
Py=u,Qo=v
for (j > 0){
a; = Lfgjpﬂ

Pjy1 = a;Q; — P,
Qjr1=(d—P},)/Q;
Pg/',+1 = Pjy1+ Q)

Q;'/H = Pg/'/+1 + Pjy1 — Q)11
if (flag =0or j = jj)}{

if (4d > (Qj41 + Q1 41)?){

r=1

else:
r=20

}

if (j =ji){
a = aj + 1
flag =10

}

if (r =0){
Py =Pj1,Qp = Qjr1,bp1 = a,ep =1
flag=20

}

if (r=1){
Py = PJI-/H,@;C = Q;’I+1,bk—1 =a+1le=-1
flag =1
Jj=J+2

}

k=k+1
}
j=J+1
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As with Selenius, we illustrate the algorithm with the example £, = v/97. In what
follows, (P, Q) denotes P+T\/W7 & = (P +V97)/Qj, & = (Pr +V97)/Qy.
Here is the RCF output as far as the end of the first period:

& =1(0,1)= (9 16)~* =10 — (10,3)~*
& = (9, 16) +(7,3)" ' =2—(23,27)7*
&=(7,3)=5+ (8 11)"'=6-(11,8)7!
§3=(8,11) =1+ (3, )—2—(14’9)
&=(3,8)=1+(59)""'=2-(13,9)""
& =59 =1+(4,9)""=2-(13,8)""
&= (4,9 =14+ (58 "1=2—(14,11)""
& =58 =1+ 3,11)" =2 —(11,3)"*
€= (3,11) =1+ (8,3) ' =2—(19,24)7"
€ =(8,3)=5+(7,16)"* =6 — (10,1)~*
€10=(7,16) =1+ (9,1)"' =2 —(25,33)~!
€1 =(9,1) =18+ (9,16)"' =19 — (10,3) "

EO (0,1) =9 +(9,16)"! =10 — (10,3)~*

£ =(10,3)=6+(8,11)" ' =7—(11,8)7!
=(11,8) =2+ (5,97 =3 — (13,9) !
=(13,9) =2+ (5,8) "' =3 — (14,11)~*

E4= (14,11) =2+ (8,3) "' =3 — (19,24) ¢

&5 =(8,3)=5+(7,16)"" =6 — (10,1)7*

& =(10,1) =19+ (9,16)* = 20 — (10,3) !
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