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Theorem. Suppose u?> — Dv? = ¢ = %1, where u,v, D are positive
integers, D > 1 and not a square. Also suppose the unimodular matrix

A= ( ZZLU Z > has the (unique) factorisation
. ao 1 Ay, 1
a=(70) ()

(a) the sequence ay, ..., a, is palindromic,
(b) VD = [ag, ay, - . ., an_1, 2a0),

(¢) u/v=lag,...,a, 1],

(d

) Dv/u = ag,...,a,)]

where all a; > 0. Then

Remarks

1. The period is a multiple of the least period and will be the least period
if and only if u + vv/D is the fundamental solution of u> — Dv? = e.

2. These results are also treated in [1, pages 110-111]. Also see [3, pages
276-281]. Our treatment is partly based on that in [2, §21].

Lemma. ([2, page 193].) Let ay,...,a,,x,y be positive real numbers, aq a
real number. Also let

z = lag, a1, ..., 0n, x/Yy].



Then z = r/s, where
TN _(a 1Y\ (a1 x
s )= \L1 0 1 o0)\y )
Proof of the Theorem. (a)
t— an 1 e aO 1 .
= () ()=

so the uniqueness of the expansions of A and A’ implies equality of the

sequences do, . . . , G, and a,, ..., ap.
(b) We have

(m )= (2508 )= ).

With 2 = 1,y = VD, r = \/E(u + "U\/B),S = u 4 vV D, the Lemma then
gives

= 2(10, ce ,CLn_l]

[
[
ap + VD = [2a0,...,an,1,a0+\/5]
[
[

VD = Ao, A1, - ..y Ap_1, 2a0].

For (c) and (d), see
http://www.numbertheory.org/courses/MP313/lectures/lecturel6/pagel.html

Example. D = 14,4 = 15,v = 4. Then u?> — Dv? =1 and

(5 0) =)o) (o)) (3)

Hence
V14 =[3,1,2,1,6]
56/15 =[3,1,2,1, 3]
15/4 = [3,1,2,1].
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