Some continued fraction identities
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Abstract

Abstract. We generalise some Pell equation identities of Pohst
and Zassenhaus [1, pp. 143] which enable one to use only half the

period of the continued fraction expansion of v'D when solving 2 —
Dy? = N for |[N| < V/D.

The simple continued fraction expansion for v/D is periodic with period
k:

vD

[ao,al,...,ah,l,ah,l,...,al,Zao] lfk:2h—1,
lag, a1, ...,ap_1,ap,ap_1,...,a1,2a9] if k = 2h.

The smallest solution of 2?2 — Dy? = £1 is given by
o= { Aop—o + BopoV/D if k=2h—1,
0 =

Aop—1 + th_l\/ﬁ if k = 2h.
Post and Zassenhaus point out that

Aop—o = Ap1Bp—1 + Ap—2Bp—o .
fk=2h—1,
Bop—s = (Bj_, + Bi_,) 1

Ao 1 = Br1(Ap+ Apo) + (=) .
fk=2h.
Bop—1 = Bj_1(Bj, + By—2) '

Also if (P, + v/D)/Q,, denotes the n-th complete quotient of the continued
fraction expansion of v/D, then the equations

Qn==0Qn1 1itk=2n—-1,
P,=Py  ifk=2h,

enable us to detect the end of the half period.
For example:

(a) D=21. Here k =6, h =3, Py = P, and n = 55 + 12¢/21:
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i 0] 172 3 4 5 6
P, 4 141 3 3 1 4
Q; 1 | 5] 4 3 4 5 1
a; 4 111 2 1 1 16
A;/B; | 4/15/1]9/2]23/5|32/7|55/12 | 912/199
(b) D =29. Here k =5, h =3, Qy = Q3 and n = 70 + 13v/21:
i 0 1 2 3 4 5
P; 5 5 3 2 3 5
Q; 1 4 5 5 4 1
ai 5 2 1 1 2 10
A;/B; | 5/1 [ 11/2 1 16/3 | 27/5 | 70/13 | 727/135

We generalise these equations to D = b/a,a < b,ged(a,b) = 1, adding
two others, as follows:

(i) Let k =2h — 1. Then for 0 <t < h — 1, we have

Aopno = Apye1Brt 1+ AngtoBni2
Bons = Bpyi-1Bnt-1+ Bryt2Brt o
DBop—y = Apye-1An—t-1+ Angt2An_i—2
Ao = Bpyi1Ant-1+ Bryt2An_ia.

Equations (1) and (3) give

Apiio = (D) (= Ay, 9A, 41+ DBap 2Bj, 4 1)

and equations (2) and (4) give
Bhyi o= (1) ( Ay 9Byt 1 — Bop 2 An_41).

(6)

We can combine equations (5) and (6) to get, with n = Agp_o +

Boy_oV/D.

Apyi—o + Bthth\/5 = (=" (= A, 1+ Br \/5)

(ii) Let k = 2h. Then for 0 <t < h — 1, we have

Agp1 Antt-1Bht + Apyi—oBr i1
Bon1 = Bpyt-1Brt+ Bhyt2Br 1
DBop—y = Appi1An—i + Appr—2An—11
A1 = Bpyr—1An—t + Bpyi—oAn_i—1.
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From equations (8) and (10) give

Apgir = (=1)""(Agp_1Ap——1 — DBojp—1 By—y1) (12)
and equations (9) and (11) give

Bhyt1 = (=" (= Aoy 1Bp_t1 + Bon 1 An_i1). (13)

We can combine equations (12) and (13) to get, with n = Ag,_1 +

BQh*l \/57

Apyio1 + Bh+t71\/5 = (=) (= A + Bhftfl\/ﬁ)- (14)

Lemma. Let /D = [ag, a1, ..., ap_1, 2a9). Then

DBk_l = CLoAk_l—l—Ak_g (15)
Ak—l = agBk_1+Bk_2. (16)

If D =b/a, where ged(a,b) = 1, then a divides By,_;.
Proof.

VD = Jag,...,a51,2a0 + (VD — ap)]
= lag, ... a1, a0+ VD]
Ap_1(ag + \/5) + Ao
Bi_1(ag+ VD) + By

The desired result then follows by cross-multiplying and equating correspond-
ing coefficients.
We now derive equations (1)—(4). We start from the matrix identity

ap 1| | a2 1| _ | Ao Aops (17)
1 0 1 0 Bon—o Bop-s |
Now let 0 <t < h—2. Then h+1t < 2h — 2 and we can partition the above
matrix product as

a 1| | apy—1 1 apye 1| | agp—o 1
1 0 1 0 1 0 1 0|



But ap; =ap_;—1 fori=0,...,h— 2, so (17) becomes

ap 1| @pper 1 ap—t-1 1| fa 1| | Aypo Aops
10 10 10 1 0] | Baa Bops |’
(18)

Qo

Multiplying both sides of (18) on the right by )

(1) } then gives

Bpii-1 Bhyi—o By_+1 Bp_i—o apBap—2 + Ban—g  Bap—2

DB2hf2 A2h72

{ Apyi1 Apyio ] { Apt1 Apto }t _ { apgAon—2 + Aoz Aon2 }
19
[ Agp—a Bopa } - (19)

by the Lemma. Hence

Api1 Angi—o Aptt-1 Buper | _ | DBano AQh—2:| (20)
Bhii—1 Bpii—2 Apti—2 Bpii—o Aop—o  DBaop—o |’

Finally, equation (20) is equivalent to equations (1)—(4).
Similarly we derive equations (5)—(9). We start from the matrix identity

ap 1| a1 1| | A1 Ao (21)
10 1 0 Bop1 Bopa |
Now let 0 <t < h—1. Then h+1t < 2h — 1 and we can partition the above
matrix product as

ap 1 | Qhtt—1 1 apye 1 | G2n—1 1
1 0 1 0 1 0 1 01"

But apy; = ap—; for i =0,...,h— 1, so (21) becomes
Qo 1 . Aht—1 1 Ap—t 1 . aj 1 _ AQh*l A2h72
1 0 1 0 1 0 1 0 Bap_1 Bop_o |-
(22)
Multiplying both sides of (22) on the right by [ Cllo (1) } then gives

Apyio1 Apgr—o At An_e | _ | a0Asnor + Azpz Asn
Bpii—1 Bpii—o Bt Bp_i—1 apBaop—1 + Bap—o2  Bap—1
_ { DBop—1 Asp }

23
Aosp—1 Bap (23)



again by the Lemma. Hence

Aptt-1 Apti—2 Ap—t Bp _ | DBap1 Azp (24)
Bpit—1 Bpyt—o Ap—t-1 Bp-t—1 Asp—1 Bapa |
Finally, equation (24) is equivalent to equations (5)—(9).

We now prove equation (4), page 94 from Perron’s Kettenbriiche.
Theorem. Let vD = lag, a1, .-, ag). Then if n > 1, we have

Apir—1 = Bpa DBy + Ay 1A
Bupir-1 = BpaAr1+ A 1B

Equivalently
An+k—1 + Bn-}-k—l\/ﬁ = (An—l + Bn_l\/ﬁ) (Ak—l + Bk_l\/ﬁ).

Proof. We start from the matrix identity

ap 1| | e 1| | Angr1r Anga2
10 1 0 Bn+k—1 An+k—2 '

We partition the matrix product:
Qo 1 Af—1 1 2@0 1 aq 1 Ap—1 1
10 1 0 1 0 1 0 1 0
Hence

{ Apyi—1 Anir—2 } _ [ Apr Ap—o ] { 2a9 1 ] { 0 1 } [ A Ao ]

Bik-1 Bpik—2 B _kal Bj—s 1 0 1 —ag B,1 Bh
_ [ Apy Ago L ap Ap1 Aps
L kal Bk72 0 1 anl Bn72

_ [ Ap1 apAg_1 + Ag_o Apo1r Ano
| Br-1 aoBr-1+ By_2 B,1 B, |’

Now identities at the top of page 94 of Perron’s book state that

Anfl = anlpn + anQQn
DB, = An—lpn + An—?Qn'
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Then taking n = k£ and observing that P, = ag and Q = 1, we get

A1 = By_ia9+ By
DBy = Ap_ia0+ Ap_s.

Hence

Anir—1 Anpi—2 | _ | A1 DBia Anr Ana
Bpik—1 By Bro1 Apa B,1 B, |’

as required.
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