MARKOV’S DOUBLY-INFINITE SEQUENCE OF FORMS

K.R. MATTHEWS

Markov starts with an arbitrary indefinite binary quadratic form
f(xz,y) and shows that the continued fraction algorithm provides a
series of unimodular transformations below (i.e., det = 1 or —1)
that eventually convert f(z,y) to what Gbur calls a Hermite reduced
form. i.e. one with one root of f(x,1) = 0 greater than 1, while the
other is between —1 and 0.

So we start with the quadratic equation agf? + b€ + ¢y = 0, where
ag, bo, o are integers, d = b3 — 4apcy > 0 and not a perfect square.
We assume that one root & is positive with & > 1 and the other
—1/no is negative, with —1 < —1/ny < 0. Markov calls the form
aoTi +bozoyo + coya reduced. (M. Gbur calls the form Hermite reduced.)
With Markov, we will use the term reduced in what follows. See [1]
and [2].

Let

50 = [0407041,~-~L
mo = [a-1, a9, ]

Markov defines a doubly—infinite sequence of forms a, 22 + b, 2,y +

cay2 by means of the transformations

Tn = QpTni1 + Ynil,
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Proposition 1. We have recursion equations

2
Up4+1 = QpQy, + bnan + Cp,
bn+1 = 2a,0, + bn7

Cn+1 = Qp.

The form a,, 22 + b, Ty, + c,y? is reduced, with positive and negative

roots given by &, and —1/n,,, where

g’n = [&nvan+17 s 7]a

nn = [&n—laan—Q, .o .], n E Z

Corollary 2. We have

S

(2) [y Qity ooy ] [0, 1, gy L] = m.

Pavone [3] made important use of (2)), with an explicit expression for
a, which was mentioned by Gbur and which was probably in Markov’s
master’s thesis. Gbur (and doubtless Markov in his Master’s thesis)

defined two double-infinite sequences (.S,), (1,,),n € Z by
S():T_lzl, S_lzT():O

and Spy1 = oSy + Sp—1, Trpr = Ty + Ty, k€L
Note that S_,_1 > 0 and T_,_; < 0 precisely when k > 1 is odd.

Proposition 3. Forn € Z, we have

an = aOSfl + byS,, T, + coTz,

bn = 26LOSnS’n—l + bO(SnTn—l + Sn—lTn) + ZCOTnTn—l'

Remark 4. These equations are mentioned indirectly in Delone [1].
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Finally, we have a result which plays an important part in my paper

and that of Pavone.

Corollary 5. Forn € Z, we have

Vd

" JaoS2 + boSn T, + 12|

(3)  [Cns g, -]+ [0, s,
1. EXAMPLES

Example 6. The form ®, = 22 — 9x¢yo — 32 is Markov (Hermite
0 0

reduced. Here

§o = [§]7 o = [9]
and the Markov cycle is &y = (1, -9,—1), P, = (—1,9,1).

Example 7. The form ®, = 223 — 4zgyo — 3y2 is Markov (Hermite)

reduced. Here

and the Markov cycle is

Do = (27 _4a _3)7 @, = (_37472)7(1)2 = (37 _27 _3)1 D3 = (_27473)7 Dy = (3> _47 _2)7(1)5 = (_37273)'
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