
PSEUDOCODE FOR FINDING THE SHORTEST MULTIPLIERS
FOR THE EXTENDED GCD PROBLEM

KEITH MATTHEWS

Input: m positive integers d1, . . . , dm.
Output: gcd(d1, . . . , dm) and all multiplier vectors (y1, . . . , ym) ∈ Zm such that

y1d1 + · · ·+ ymdm = g.
Perform the LLLGCD algorithm to get a m × m unimodular matrix A whose

last row is a small multiplier vector.
The general multiplier has the form Y = Am − x1A1 − · · · − xm−1Am−1, where

x1, . . . , xm−1 are integers.
Get the Cholesky decomposition of G = AAt: G = QtDQ, where

D = diag (∆1, ∆2/∆1, . . . , ∆m/∆m−1 = diag (q11, q22, . . . , qmm)

and Q =


1 q1,2 · · · N1

0 1 q2,3 · · · N2

...
...

...
...

...
0 · · · 1 qm−1,m−1 Nm−1

0 · · · · · · 0 1

 is a unit upper triangular matrix.

We solve the inequality ||Y ||2 ≤ ||Am||2 until either a shorter Y is found - in
which case the old Y is replaced by the shorter one, otherwise the Y of minimum
length are determined.

||Y ||2 = q1,1(x1 + · · ·+ q1,m−1xm−1 −N1)2

+ q2,2(x2 + · · ·+ q2,m−1xm−1 −N2)2

+ · · ·+ qm−1,m−1(xm−1 −Nm−1)2 + qm,m. = Q(x) + qm,m.

We note that

q1,1N
2
1 + · · ·+ qm−1,m−1N

2
m−1 = ||Am||2 − qm,m.

Also

||Y ||2 ≤ ||Am||2 ⇐⇒ Q(x) ≤ ||Am||2 − qm,m =
m−1∑
i=1

qi,iN
2
i .

The rest of the code is a modification of the Fincke-Pohst algorithm in [1].
m← m− 1; count = 0
C ←

∑m
i=1 qi,iN

2
i

i← m; Ti ← C; Ui ← 0
while1 (forever) do

Z ← (Ti/qi,i)1/2

UBi ← bZ + Ni − Uic
xi ← −bZ + Ui −Nic − 1
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while2 (forever) do
xi ← xi + 1
if1 xi ≤ UBi then

if2 i = 1 then
count← count + 1, found multiplier
continue while2 loop

else
i← i− 1
Ui ←

∑m
j=i+1 qi,jxj

Ti ← Ti+1 − qi+1,i+1(xi+1 + Ui+1 −Ni+1)2

break out of while2 loop
end if2

else
i← i + 1
if3 i > m then

print the count shortest multipliers and exit
end if3
continue while2 loop

end if1
end while2

end while1
An example. m = 3, (d1, d2, d3) = (4, 6, 4). Here gcd(4, 6, 4) = 2 and we find the

unimodular matrix A =

 −1 0 1
1 −2 2
−1 1 0

 with multiplier vector (−1, 1, 0). The

general multiplier vector is

Y = (−1, 1, 0)− x1(−1,−0, 1)− x2(1,−2, 2) = (x1 − x2 − 1, 2x2 + 1,−x1 − 2x2)

and ||(−1, 1, 0)||2 = 2. Then ||Y ||2 ≤ 2 if and only if

(x1 − x2 − 1)2 + (2x2 + 1)2 + (−x1 − 2x2)2 ≤ 2

⇐⇒ 2x2
1 + 2x1x2 − 2x1 + 9x2

2 + 6x2 + 2 ≤ 2

⇐⇒ 2(x1 +
1
2
x2 −

1
2

)2 +
17
2

(x2 +
7
17

)2 ≤ 33
17

.(1)

(Here Q =

 1 1/2 1/2
0 1 −7/17
0 0 1

, ∆1 = 2, ∆2 = 17, ∆3 = 1 and N1 = 1/2, N2 =

−7/17.)
Now

(x2 − 7/17)2 ≤ (33/17)(2/17) = 66/289

⇐⇒ −
√

66/17 ≤ x2 − 7/17 ≤
√

66/17
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so x2 = 0. Substituting in (1) gives

2(x1 + 1/2)2 + 49/34 ≤ 33/17

⇐⇒ 2(x1 + 1/2)2 ≤ 1/2

⇐⇒ (x1 + 1/2)2 ≤ 1/4

⇐⇒ −1/2 ≤ x1 + 1/2 ≤ 1/2
⇐⇒ −1 ≤ x1 ≤ 1.

So x1 = −1 or 0. This gives Y = (0, 1,−1) and Y = (−1, 1, 0).
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