PSEUDOCODE FOR FINDING THE SHORTEST MULTIPLIERS
FOR THE EXTENDED GCD PROBLEM

KEITH MATTHEWS

Input: m positive integers dy, ..., d,.

Output: ged(dy, ..., dy) and all multiplier vectors (y1,...,ym) € Z™ such that
yrdy + -+ + Ymdm = g.

Perform the LLLGCD algorithm to get a m X m unimodular matrix A whose
last row is a small multiplier vector.

The general multiplier has the form ¥ = A,, — 2141 — -+ — & 141, where
T1,...,Tm—1 are integers.

Get the Cholesky decomposition of G = AA!: G = Q'DQ, where
D = dla'g (Ah AQ/Ah sy Am/Amfl = dlag (Q117 q22, . .. 7Qmm)

1 q2 - Ny
0 1 o3 e N,
and Q = | : : : : is a unit upper triangular matrix.
0o - 1 dm—1,m—1 Nm—l
0 -0 ... 0 1

We solve the inequality ||Y]]? < ||A,,|[? until either a shorter Y is found - in
which case the old Y is replaced by the shorter one, otherwise the Y of minimum
length are determined.

IVIP=qi(@+ 4 qrm-1Tm—1 — N1)?
+qoo(z2+ -+ qem—1Tm—1 — Na)?
+ o+ gme1m—1(Tm—1 _Nm71)2+qm,m~ = Q(z) + ¢m.m-
We note that
@aNT + -+ Gme1m—1 N = |[Anl? = G-
Also

m—1
IYIP < 1Anll* <= Q@) < [|Anl® = gmm = Y @3N}
i=1

The rest of the code is a modification of the Fincke-Pohst algorithm in [1].
m+«+«—m—1; count =0
C— 31 4iilN?
t—m;T; —C;U; 0
whilel (forever) do
Z — (T;/qi:)"?
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while2 (forever) do
ifl x; < UB; then
if2 i =1 then
count < count + 1, found multiplier
continue while2 loop
else
1—i—1
Ui = 30001 @i,
T — Tit1 — qiv1,i+1(@ip1 + Uipr — Nig1)?
break out of while2 loop
end if2
else
i—i+1
if3 ¢ > m then
print the count shortest multipliers and exit

end if3
continue while2 loop
end ifl
end while2
end whilel
An example. m = 3, (d1,d2,d3) = (4,6,4). Here ged(4,6,4) = 2 and we find the
—1 0 1
unimodular matrix A = 1 -2 2 ] with multiplier vector (—1,1,0). The
-1 1 0

general multiplier vector is

Y = (—].7 ].,0) - 1'1(—1, —0, 1) - $2(]., —272) = ((ﬁl — Ty — 172{172 + ].7 —I1 — 2ZC2)
and |[(—=1,1,0)||> = 2. Then ||Y||? < 2 if and only if

(r1 — 29 — 1)? + (220 + 1)% + (=21 — 229)* < 2
< 227 + 21129 — 221 + 923 + 622 +2 < 2

1 1 1
(1) = 2(x1+5x2—§)2+37(x2+1—77)2 < ‘I’—i
1 1/2  1/2
(Here Q = 0 1 —7/17 5 Al = 2,A2 = 17,A3 =1 and N1 = 1/2,N2 =
0 0 1
—7/17.)
Now

(zo — 7/17)% < (33/17)(2/17) = 66/289
— —V66/17 < xy — 7/17 < V66/17
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so o = 0. Substituting in (1) gives
2(z1 4+ 1/2)? +49/34 < 33/17
= 2z +1/2)? <1/2
= (11 +1/2)2<1/4
— —1/2<z+1/2<1/2
<— 1<z <1.
So 1 = —1 or 0. This gives Y = (0,1, —1) and ¥ = (—1,1,0).
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