INTERMEDIATE CONVERGENTS

K.R. MATTHEWS

We are dealing with a regular continued fraction
a = [ag, ay, .. .|

The n-th intermediate convergents of a = |ag,ay,...] are defined in

terms of the convergents of o, as a ratio p,, , / qn,r, Where

Png = TPn1 T Dny oy =Tqnp1 + ¢y, 1 <7 <dpio, n2>—1

In particular, when r = a,,5 — 1, we get the ratios %, n > —1.
Note that % is not defined to be an intermediate convergent. See
Perron [2, p. 47] and Lang [Il, pp. 15-18]. Perron gives initial values of
Dnr/Qn.r, together with convergents:

(a) n even:

Po Prt+po 2pi+po azp1 +po _ P2

)

o0 G+ 2a+q  antqp @
p3+p2  2p3 -+ po asps + P2 _ Pa
Gre  2¢+e T ag+ e qa’
(b) n odd:
Po+Dp-1  2po+p_1 Gmpo+p-1 _ P1
Go+q-1 29 +q-1aiqo+ g1 q’
D2 + D1 2ps + 1 aszp2 + p1 _bs
e+a 2p+a’ T aeta g

Theorem 1. (Lang [I, Thm. 9]) For n even, we have a strictly in-

creasing sequence of convergents and intermediate convergents less than
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...<&<...<p_n’T <p_n’r+1 <...<pn+2

qn An,r Qn,r+1 dn+2

< e

and a similar decreasing sequence for n odd and greater than «. Fur-

thermore
1
Qn,r+1Pn,r — Pnor+1Qn,r = (_1)n+ ,O <r< Ap42-

Theorem 2. (Lang [I, Thm. 10]) If p, g are non-zero integers, ¢ > 0,
satisfying |o — p/q| < 1/q*, then either p/q is a convergent of a or
an intermediate convergent. In fact the latter has the form (p,i1 +

pn)/(Qn—i—l + Qn)a n Z —1 or (pn—i-l - pn)/(Qn-ﬁ-l - Qn)u n Z 0.

Proof. This is a slightly expanded version of Lang’s proof.
Case 1. Assume «a < p/q. Then

pla<a+1/¢® <ag+1+1/¢%
p < (ap+1)g+1,
sop < (agp+1)q and p/q < (ag+1). Then because the convergents and
intermediate convergents with odd n partition the interval («, ag + 1],

there exist two consecutive members P/@Q) and P’'/@)’ such that p/q is

not a convergent or intermediate convergent to o and

a<P/Q<plqg<P/Q,

where P'(Q)Q — P(Q)’ = 1. Then

and
1 P p P P 1
/ S / < / 1)’
Qq~Q ¢ Q@ @ QQ

These estimates give a contradiction.
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Case 2. Assume « > p/q. Then

1

q q ¢
1
apq —p < —<1
q
apq —p < 0.

Hence ay < p/q. Then because the convergents and intermediate con-
vergents with even n partition the interval [ag, ), there exist two con-
secutive members P/Q and P’'/Q)’ such that p/q is not a convergent or

intermediate convergent to o and

P'/Q <plg<P/Q<a,

where PQ)" — QP' = 1. Then

and

These estimates give a contradiction. This finishes the first part of the

proof. O

It remains to show that if p/q is not a convergent, then it has the

form py,,/qnr, where r =1 or r = a,12 — 1. We need a lemma.

Lemma 3. If pn./qn, is an intermediate convergent of «, then

(=" (@ = 1)

Qnt2Gn+1 + Gn

Qnr& — Pnyr =

Proof. We use the equation

(1) o = Prn+1Cn42 +pn
Gn+10n42 + Gn
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to prove
~1)"aq,
2) GnCr — P, = (=D s
Qni2qnt1 + Gn
and
—1)"
(3) n+1&® — P41 = ( )

Cni2lnr1 + Gn
Multiplying by r and adding gives the assertion of the Lemma.
O

Back to the proof of Theorem [2 We observe that r < 4o as

r < anio — 1. Hence

Opyo — T

|Qn,7‘a - pn,r| ==
Qpt2qn+1 1 Gn

and we have
Qpto — T 1

< .
Up2Qn+1 + dn Tdn+1 + an

This inequality is equivalent to

y1 + 2 T
(—q 2L >r<1— ) <1
Int1 T 555 Qlp 42

Suppose r > (. Since r < 12, this inequality implies

(4) r(l - a;) <1

Suppose 1 < a,40 — 1. Then r < a,40 — 2 < a0 — 2. Hence

nt2 — 2
7«(1 _ QL) <1,
Qpi2

and s0 7 < @,12/2. Hence from (4,

7“(1 — M) <1,
2O‘n—i—2

and so r < 2. Hence r = 1. This finishes the proof of Theorem [2]
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