The fact that the decimal expansion of a
rational number is eventually periodic is a
consequence of the pigeonhole principle.

We start by examining the process of
long—division. To find the decimal expansion
of 1/7 we perform the following steps:
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We have thus performed the following
calculations:

10-1=10=7-1+3
10-3=30=7-4+42
10.-2=20=7-2+4+6
10-6=60=7-8+4
10:4=40=7-5+4+5
10-5=50=7-7+1.

After this the previous steps are replicated.



More generally, to find the decimal expansion
of a/b, where 1 <a <band b>1, we let
ro = a and perform the steps;

10-rg=b-a1+17r1, 0<r;<b,

1071y =b-ao+19, 0<1ry <0,

The aq,ao,... are the digits of the decimal
expansion of a/b. The remainders rqg,r1,... all
lie in the range 0 <r; <b—1. SO by applying
the pigeonhole principle to the numbers
TOs---»Tp We Will get r; = r; for some ¢ and j
satisfying 0 <1< 35 <b. Then

Qjt1 = Qj41,Ti4+1 = Tj41, G2 = Gj42, ... AN
the decimal expansion is periodic.
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EXAMPLES. {5 = 583; 3 = .2142857.



