CONTINUANTS AND SEMI-REGULAR CONTINUED
FRACTIONS

ALAN OFFER

ABSTRACT. This note arose while studying Perron’s proof of Satz 5.1, [2, p.
135]. Perron used inequalities involving the B, ) and Keith Matthews chal-
lenged the author to supply a proof using only the B). This resulted in a
simpler proof of Lemma 6 below. A self-contained treatment of the continu-
ants A, » and B, ) is given for the convenience of the reader.

Let A_1 = 1,A0 = bo,B_l = O,Bo =1 and for n > 1,

(1) An = bnAn—l + a'nAn—Qa

(2) Bn = ann—l —+ CLan_g.

Lemma 1. If |a,| = 1,0, > 1,by + ans1 > 1, n > 1, then for n >0,
(a) B, >1,

(b) B, +apy1Bp—1 > 1.

Proof. (Induction on n > 0.) (a) and (b) are true when n = 0, as By = 1 and
By + a1B_1 = By = 1. Now assume (a) and b) hold for all £ < n. Then

Bpii+ any2Bn = (byy1Bp + any1Bn_1) + any2Bn
= Bpn(bn+1 + any2) + anp1 By
> By +apy1Bn-1 > 1.
Also
Bni1 =bpr1Bp + ani1Bn

> By, + any1Bn-1

= (bpBp—1+ +anBn_2) + an+1Bn-1

= (bp + an+1)Brn-1 + anBn_2

>B,_1+a,B, 2>1.

Remark. It follows from the above proof that
(3) B,>B, 1+a,B, 2> B, 2o+an 1B, 3>---Bg+a1B_1=1

Hence, with a suitable recursive definition of the RHS below (see
http://www.numbertheory.org/courses/MP313/lectures/lecturel5/page5.html) we have

Lemma 2.

AV_ a1 A,
(4) Bu_boﬂﬁu'”ﬂﬁ"
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The following result is due to Fritz Blumer [1, p. 12].
Lemma 3. If |a,| = 1,by, > 1,b, + apy1 > 1, n > 1, then forn > 1,
(5) b,>2 = B, >B,_1.
Proof. Suppose b, > 2,n > 1. Then

B, =0b,Bp_1+anBn_2
> 2B, 1+ apnBy_2
=By_1+ (By-1+anBn_2)
> Bp—1+ 1 from Lemma 1 (b).

Perron ([2, p. 10]) defines A, » and B, ) in terms of continuants, as follows:

a a e, Q@

(6) AV,)\ - K ( b)\-‘rbla A+25 P b)\-‘ry > v Z 17
Ay UN+1y e e oo es s UA+v
a a e, Q@

(7) By,)\ - K ( ) )\+2l; A+35 ) 2+V ) v Z 27
A+1 00425000 vt s Vv

where A_; x =1,B_1 )\ =0,A0 =bx,Box = 1,81\ = bry1.
Here
b —1 o ---
al b1 -1 0 .
ai,ag,...,a, _ 0 a2 bg -1 0
®) K(bo,bl,bz,...,m)‘
Ay —1 bl/*l -1
0 a, b,

Thus Ay o = Ay, Byo = B,. Also From (6) and (7), we have
(9) Bu,)\ = Aufl,)\+1~

Expanding the determinant in (8) gives a recurrence relation connecting contin-
uants:

Lemma 4. Forv > 3,

L RPN T L (P i O EXL (o A
From Lemma 4, we deduce from (6) and (7) that for v > 3, A > 0,

(10) Apx =bbAv_1 41+ axt14v_2 242,

(11) B,y =bxy1Bo_141 +ari2B, 2 12

In fact, equations (10) and (11) hold for v > 1.

Corollary 1. If0 < A < n, then

(12) Ap = Ax_1An_ax +axAx_2Bp_y 1,

(13) B, = Byx_1An_xx+axBx_2Bp_x .
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Proof. (By conservation). Let f(A) = Ax_1An—ax +arxAx—2Bn_xx-
Then f(O) = A—lAn,O + CL()A_QBmO = An
Next we prove f(A) = f(A+1) for 0 < A < n.

JOA+1) = A\Ap x1a41 +Haxp1Ax1Brx—1a41
= (baAx—1+ arxAx—2)An 1341+ a1 Ar_1Bn_r—1341
= Ax_1(0rAn—r—1a41 F axy1Bn_x—1a41) FarxAx_2A4,x_141
=Ax_1(aAn—r—1a41 Farp1An_r—2x42) + axAx_2Bn_x
= Ax_1An ax +HaxAx2Bn A= f(A).

Hence 4, = f(0) = f(1) =--- = f(n). O
Lemma 5. If |an| = 1,by, > 1,0y + apy1 > 1, n > 1, then for 1 < u <A,

(14) BH,)\*M 2 Bufl’/\fwb

Proof. ([2, p. 135].) From (11), we have

(15) Bytiy—v—1—Bur_y = (bracy = 1)Bya—p + ax—vy1Bo_1r—vt1.

We prove (14) by induction on p. First By a—1 = bx, Box = 1. So we assume (14)
holds for p=1,...,v < A, Then

Byx—v 2 By_1a—vt1 2>+ Z Boax=1.
Then (15) implies
Botia—v—1—Bur—p > (bamy = 1+ arx—pt+1)Bu—1,3—v+1 > 0.
Hence the induction goes through. [
Corollary 2.
(16) By =DBx0>Bx_112>DBx_22>"2>DBy)=1
Hence, for 0 < v < n,
(17) g:z_: = bny+'2_—$‘+---+";—:‘.

Perron (Satz 5.1, [2, p. 135]) proved the following results using continuants.

Theorem 1. (Tietze, [3]). Suppose ay = £1,bx > 1 and by + ay11 > 1 for A > 1.
Then

(1) B)\ — 0OQ,

(ii) Ax/Byx converges as A — 0.

Remark. Perron proved (i) by showing

Lemma 6. (a) axy1 =1 = Byj, > A+1,

(b) axy1 =—-1 = By > A+1.
Proof. (Alan Offer) We use induction on A > 0. When A = 0, (a) is true, as Lemma
1 (a) implies B, > 1 for v > 1. Also (b) is true as By = 1. So let A > 0 and suppose
that (a) and (b) hold for all X" < A. We first show that (a) holds. Suppose a1 = 1.
Then for all v > 1, (3) implies

(18) Byy, > By + By_1.
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Now if ay = 1, then By > A by (a), while if ay = —1, then By_; > A by (b). Either
way, (18) implies Bx4,, > A+ 1 if v > 1. This completes the inductive step for (a).
For (b), we suppose ayt+1 = —1. Then by > 2 and Lemma 3 gives By > Bj_1.

If ay = —1, (b) implies By_1 > X and hence By > A+ 1.
Now assume ay = 1. Then By > 2B)_1 + By_s. If A =1, then
By=B1>2Bg+B_1=2=X+1.
So we can assume A\ > 2.
If ax—1 = —1, then (b) implies By_2 > A — 1 and so
By>2By_1+A—-1>X+1
If ax—1 = 1, then A > 2 implies Byx_o > 1. Also (a) with A replaced by A — 2 and
v =1, gives By_1 > A — 1. Hence
By >2By 1+ By 2
>20—-1D+A—-1=22-1> X +1.

([l
Finally, (ii) follows from (i) and the inequality
(19) Axtr  Ax < L’
By, B B,
which is proved below.
Lemma 7. For A>0,v > 1, let
(20) Dy = Axiy By — AxByso.
Then
(21) Dy, = (—1)a1as - ax;1Bu_1xt1,
Proof. Perron (]2, p. 14]) derives (21) from (12) and (13).
Dy, = AxyuBx — AxBaty
= (A\Av_1 a+1 +axt1Ar—1Bu_1241)By
— Ax(BaAv—1 41 +axt1Ba1Bu_ia41)
=axy1Bu_1a+1(Ax_1Bx — AxBy_1)
= (=1)*a1---axy1Bu_1.x41-
([l

Hence from (21) and (16),
(22) |Dxv| = Bu-1.a+1 < Bato,
which gives inequality (19).
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