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The author observes that two Hermitian forms have the same largest eigen-
value. A large sieve result of Roth-Bombieri type and Selberg’s upper bound
sieve with a Montgomery type error term are derived.

1. INTRODUCTION

Let

M+N

Sx)= 3 aue(nx) (e(®) = &),

n=M+1
where dyq ,..., yn are arbitrary complex numbers. Let xq, x5 ,..., Xz
(R > 2) be any real numbers satisfying
Ix, —x,| 28>0 for r s,

where || @ | is the distance from @ to the nearest integer.
Montgomery [1, Corollary] gave an upper bound large sieve estimate
which depended on the following inequality of Bombieri and Davenport:

R M+N
Y ISR < k(N8 Y lanl
=1 n=M=1

where «(N, 6-Y) may equal (N'/2 + 8-1/%)% or N + C8~* (see [2-5, 7]). In
the present paper we study the sum 7'(n) defined by

R
T(n) = Z b're(nxr)»
r=1
where b, b, ,..., by are arbitrary complex numbers. (In the following,
16
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variables r and s range over 1,..., R and variables m and n range over
M +1,., M + N).
Starting with the inequality,

Y IT@)E < kN, 87 ) | b, |2

n

(Theorem (1)(i)), we shall derive Theorem 2(i), which leads almost
immediately to Selberg’s upper bound sieve estimate with a Montgomery
error term (Section 5).

2.

We note that 3. |S(x,)? and ¥, | T(n)* are positive semidefinite
Hermitian forms:

SISGIE =YY 0nlnlmn, LIT@E=Y Y bba.,

n r s

where

Crn = Z e((m — n) xr) and a,, = Z e(n(x, — xr))-

T n

If Pis the N X R matrix defined by
P=[p,] =le(jx)), Jj=L.,N r=1L.R

the coefficient matrix of the form Y, |S(x,)* is the N X N matrix
PP* = C = [c;;]. The coefficient matrix of 3, | T(n)[* is the R X R
matrix P*P = 4 = [a,,). (P* denotes the complex-conjugate transpose
of P)

LEMMA. Let A << - < Ay be the eigenvalues of C and py; < -+ < pg
be the eigenvalues of A. Then

(i) The nonzero eigenvalues of C and A are identical and
(i) Forr =1,2,..., R we have

| u, — N | < K871,
where K is an absolute constant.

(See Matthews [4, Lemma 3; 5], where it is shown that K may be taken
to be 4.3.)
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THEOREM 1. We have

@) Znl TMR < kN, 093, 1b, 1%
(i) 2. | T =&+ 0@ )X, |b, =

Proof. A unitary transformation,
b, = Z Vrsds s
exists such that
; | T(m)* = ;.ur Ld, |
From part (i) of the lemma, we have
Br < pr = Ay,
and it is easy to see that «(V, 8—1) must satisfy

Ay < k(N, 871,
Hence,

YITMER < N, 8D Y 1d, 2= (N, 8 Y | b, |*

To prove (ii) we write u, = N -+ v, where by part (i) of the lemma we
have

fv,| < Ké1.
Then
YIT@PR=NY |d >+ v, |d, 2
=(N+0@M))Y |4, 2

=(N+0E™)Y b

3.

Let k be a positive integer and let F(X, k) denote the set of numbers of
the form « = afg, where 1 <a<<qg< X, (a,9) =1 and (g, k) = 1.
(F(X, 1) is the set of Farey fractions of order X.) Also let N’ be the number
of integers » lying in a given arithmetic progression n = [/ (mod k) and
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satisfying M + 1 <n < M+ N.ThenN' = Nifk =1, N = Nk1 6,
|@| < 1,if k > 1, and we have the following corollary.

COROLLARY 1. Let f(x) be an arbitrary complex-valued function defined
on F(X, k). Then

@M 3 5 f(a)e(na)‘2<K(N’,X2) Y f@)R

n aeF(X,k) x€F(X, k)
n=l{mod k)
2
M Y | % f@em)| =@ +0x) ¥ QP
nEl(]ﬁod © «EF(X, k) a€F(X,k)

Proof. The sum on the left of these inequalities may be written as

M +N’ 2
) 2. g@e@ky),
n'=M’+1 ' a€F(X.k)

where g(«) = e(al) f(«). Also it is not difficult to verify that the numbers
ko, a € F(X, k) satisfy
I ko‘1 —kolf = X,

if o, # oy, Theorem 1 may now be applied with xy ,..., xp replaced by
the numbers ke, and 6 = X2,

4.

THEOREM 2. For each prime p < X, let H(p) be a set of w(p) distinct
residues mod p. Let g(q) be an arbitrary complex-valued function of q and
define X(p, n) by

Qp,n) =3, c;(n — 1),

tﬂ
where t, runs over H(p), and c,(m) is Ramanujan’s function:
am

c(m) = * e (—1),

! a m%d Q ( q )
where the asterisk indicates a summation over a reduced set mod q. Then if o
and T are defined by

)

n

Y, wee@ 1 20, n)'2

g<X pla

and

T=Y il g@P ] (p — w(p)) w(p),

g<X rla
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we have
() o < «(N, X,
(i) o= (N + OX%)r.

Proof. By the Chinese remainder theorem we can define H(g) for all
q < Xinductively:

We let w(1) = 1 and suppose ¢ = uv, (4, v) = 1, where H(u) and H(v)
are already defined. Then if integers m, and m, are defined by the con-
gruences

vm, =1 (mod u), um, = 1 (mod v),
the elements ¢, of H(q) are given by
t, = vmyt, -+ umyt, ,

where ¢, and ¢, run independently over H(u) and H(v), respectively. We see
that w(g) = w(u) w(v); also

t, =1t, (modu) and t, =t, (modv).
Ifa=alg 1 <a<gqg<X,(aq) =1, we define f(o) by
f(@) = w(g) 8lg) ¥, e(—aty),
tq

and apply Corollary 1.

We have
na
IR CECEWIOLON l}:dqe (7) Le (—%1)

= ZX 1(q) g(q) (g, n),
where

'Q(q’ n) = Z ca(n - ta)-
Also

Y@= % ) g@® Alg),
aEF(X,1} g<<X

where

A= X

a mod ¢

Te(-gul
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The proof of Theorem 2 is completed by demonstrating that £2(¢, n) and
A(g) are multiplicative functions of 4. For then

(g, n) = [] 2p, n) and 4(g) = [] A(p).

pla via

Moreover,
-1 2

A(p) = Y,

a=1

Ze(—it:o)

23

tzge (g (T, — tp))

-5

a=1

= ;‘; C,,(Tp - tp) = (P - w(P)) w(P),

where we have used the results

_p—1 if ¢ = O(mod p),
(1) = 3 —1 if == O(mod p).

Hence,

A(g) = [1 (p — «(p)) «(p).

Dlq

To prove the multiplicative property of £X(g, n), letg = uv, (4, v) =1. Then

9(% ny = Z Coln — 1)

te

=Y c,(n—t) co(n —t,)

= Z Z cult — tq) c,,(n - tq),

where
t, = vmyt, + umyt, ,
as defined earlier.
But

cln —t) =cn—1) and  cfn—1) = cfn— 1)
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Consequently,
Agq,n) = ,Z; e — 1) ¢on — 1)
= £2(u, n) $(v, n).
The proof for A(q) is similar, noting the identity

Alg) =3, (g, 1,).

5. AN UPPER ESTIMATE FOR SELBERG’S QUADRATIC FORM

The form under consideration is

S (3 @), 1)

n a<<X

neH(d)

Here
N = i) T (1 = =) #Q)
p|d f(p) -‘g))(/d flg)’

(2,4)=1

where
- w = — _1._.
f@d) = dlod), fid) = fd) [& (1 f(p))

and

— 2 (p)

See Prachar [6, Satz 3.1, p. 38].
Taking g(p) = (p — w(p))~* in inequality (i) of Theorem 2, we obtain

(T w0 [0 < v X, @
n g<<X p\q

where

Qp,n)y =Y cyn —1,)
tﬂ
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It is now a straightforward exercise to verify the following identity:

5, 1o 1 et o 5 ) ®
< Pl nzlgi(d)

Inequalities (2) and (3) then give the following upper estimate for the
quadratic form (1):

>z /\(d)>2 < (N, X2).

n a<<X
neH(d)
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