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1. Introduction

Let xu ..., xR (R ̂  2) be any real numbers satisfying

| | x r - x j >8>0 if r±s, (1)

where ||0|| is the distance from 9 to the nearest integer.
The author has recently proved the following result (see [1]).

Let y be a constant for which the inequality

y (2)i £ -r "•"•
r=i s=i sin7i(xr-xs)

holds for all real numbers ux, ..., uR, vly ..., vR satisfying

Then if aM+l, ..., aM+N are arbitrary complex numbers, we have the large
sieve inequality

M + N

Z an e(w _
n=M+l n=M+l

In the present paper we show that (2) holds with

Without loss of generality, we may assume that

0 ^ *! < . . . < xR <
For on writing xr as

a sum of integral and fractional parts respectively, we have

sin n(xr — xs) r*s sin n({xr} — {xs})

where ur' = (— l)CXr]wr and vs' = (— l)Mvs. Inequality (1) is now replaced by

8^xr-xs^l-5 ^ l^s<r^R, (3)

which may be strengthened to

(r-s)^xr-xs^\-(R-(r-s))5 if 1 ̂  s ̂  r < R. (4)

The special case r = s gives
Rd ^ 1. (5)
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2. Write
UrVs

We proceed to show that

Consider the odd function \f/ defined for 0 < \x\ < 1 by

n 1 1 1
sin™ = T + T ^ "

It is well known (see [2; pp. 112-113]) that

«K*) =

Hence

and consequently xj/'ix) < 0 if 0 < |;t| < 1.
Hence ̂  is a decreasing function over 0 < \x\ < 1. In particular,

« /I 1 \
n=2 \ (W + X^ ( « - ^ ) Z /

M*)\< lim
l

From (6) and (8) we have that

u.
;

(6)

(7)

(8)

(9)

-IE

Now it is easy to verify from (4) and (5) that the relation

l-(Xr-Xs)Z(R-(r-s))5

holds for all r and s. Also

l + (xr-xs)>(R-(s-r))d.

Inequalities (9), (11) and (12) together with (10) give

n ur

/ J - l R -

"

T,u,vJ(xr-xs). (10)

(11)

(12)

o=0 6=0

The Hilbert inequality (see [3; Theorem 294, p. 212]) gives

R^y1 R^ \uR-a

,=o 6=0 a+b + 6 = 0
(14)
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Similarly, * - i * - i \ub+lvR .1

« = o b=o a + 6 + 1

Also,

z k»,i < («-i)( £ «,2W £ ».2)* = * - i .
r±s \r = l / \s = l /

(See [3; Theorem 275, p. 198].) Hence, from (5), we have that

Ikf.KS"1. (16)
r*s

Inequality (7) now follows from (13), (14), (15) and (16).

3. Let S = [6"1], so that

S-1 = S+9, O < 0 < 1 .
Also

1 = S5+65. (17)

Ik (k = 1, ..., S) is defined to be the interval

These intervals are disjoint and cover the interval

l*i> XR\>
since by (3) and (17) we have that

xR-xt < 1-5 = S5+68-5

= (S-(1-6))5<S5.

Also each Ik contains at most one xr. We now define integers ku ...,kR by
the condition

Then
1 — Kx <...< KR^ &, ^18;

and
xr = Xl + (kr-1)5+6r, where 0 < 0, < 5. (19)

Writing

where
1 1

xr-xs (K-ks)5

we proceed to verify that

We have

W *M = ~T_ ~T7T
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and hence 5-1

(r-s) 2 '

by (4), (18) and (19). Hence

(See [3; Theorem 275, p. 198].)

(r—s)

4. Our proof is concluded by showing that

We have

u,v. _ s s u±v!_
r*s k -k ~ k=i =1 k-i

r s k*j

where [uk if k = k.,

0 otherwise.

Similarly for v/.
The Hilbert inequality

(see [3; Theorem 294, p. 212]) yields (21), as

k j J

Finally, on combining inequalities (7), (20) and (21) we have

(21)

s sinn(xr — x

In conclusion the author wishes to thank Professor G. Szekeres for supplying the
proof of inequality (9).
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